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Abstract. A new three-parameter family of exact solutions of the stationary axisymmetric
vacuum Einstein equations, which represent rotating bounded sources, are presented. This
family contains the solutions of Kerr and Tomimatsu-Sato as special cases, and may be
regarded as a generalisation of the latter to arbitrary continuous & parameter. The final
form of the metric depends on two ordinary differential equations of the second order.
When § is not an integer, these equations define unfamiliar transcendental functions for
which rapidly converging series expansions of several types are available. When 8 is an
integer, the solutions are polynomial or rational functions of spheroidal coordinates and
define the discrete Tomimatsu-Sato series, for which those authors give the cases 8 =
1,2,3,4. One of the two equations is solved explicitly for the case § =5 and efficient
algorithms are presented which make it possible to perform such calculations by hand. The
metric and Ernst potentials assume simple functional forms on the symmetry axis. Actually,
this three-parameter family of asymptotically flat solutions is shown to be contained in a
family of unphysical solutions with six non-trivial parameters, one of which is the familiar
NUT parameter.

1. Introduction

In Einstein’s general theory of relativity, exact solutions of the field equations repre-
senting the vacuum exterior of bounded gravitational sources are still exceedingly
scarce. The cases of static axisymmetry and non-static spherical symmetry have been
completely solved (Weyl 1917, Birkhoff 1923, respectively). The next simplest vacuum
gravitational fields are those with stationary axisymmetry. These are very important in
relativistic astrophysics, being needed, for example, for neutron stars, quasars and
dense star clusters, where strong fields and rapid rotation are expected. But in this case
the field equations, though deceptively simple in form, are unfortunately very difficult
to solve. Though large classes of unphysical solutions are known, the list of known
astrophysically admissible solutions numbers exactly four, each containing two arbit-

rary parameters, m and g, representing the mass (m) and angular momentum (m?q) of
the source.

The first of these is the celebrated solution of Kerr (1963). (Other derivations:
Newman and Janis (1965), Carter (1968a), Ernst (1968); for global properties, see
Carter (1968b).) The importance of this solution as the vacuum exterior of a rotating
star is far overshadowed by its interpretation as a black hole (see, e.g., Hawking and
Ellis 1973). The next was found by Tomimatsu and Sato (1972, to be referred to as Ts
1972) and was followed by two more (1s 1973). The Ts solutions were obtained by
using the Ernst complex potential formalism (Ernst 1968, 1974), in prolate spheroidal
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1482 C M Cosgrove

coordinates, and a computer to search for rational function solutions aided by a few
rules of computation. The Kerr and 1s solutions are labelled by a discrete parameter, &,
taking values 6 =1, 2, 3, 4, which measures the mass quadrupole, Q, of the source
according to

Q=m’[q*+p*(6*-1)/38%), (1.1)

where p>=1-4°.

In this paper, we shall generalise the Kerr and Ts solutions to allow the parameter 6
to take any real or pure imaginary value. The final form of the metric depends on two
independent ordinary differential equations (DE) of the second order satisfying certain
boundary conditions. One of these is a linear Fuchsian equation with five regular
singular points similar to Lamé’s equation; the other is non-linear, but reasonably
simple in form. There are distinct advantages, however, in working with alternative
third- or fourth-order pE. When § is an integer, these equations admit polynomial or
rational function solutions which can be readily identified with the Kerr and Ts solutions
when 6 =1,2,3,4. When 6 is not an integer, the equations define transcendental
functions for which efficient series expansions are available. This three-parameter
family of solutions can be expanded to a family of six non-trivial parameters by
introducing a new parameter, A, to the two DE and by relaxing the boundary conditions.
One of these additional parameters is the familiar NUT parameter (see § 2). Since these
additional solutions are unphysical, they will be only briefly outlined.

These new gravitational solutions are not derived from first principles in this paper
since such a derivation would make this paper prohibitively long. The full derivation is
given in Cosgrove (1977e). These solutions (the full six-parameter family plus a few
trivial parameters) are there shown to arise from a transformation group, also new,
which transforms any stationary axisymmetric vacuum solution into another such
solution whilst preserving the boundary conditions of asymptotic flatness, regular
symmetry axis and bounded singularities. All previously known transformation groups
create a line singularity on half or all of the symmetry axis and destroy asymptotic
flatness (in the sense of weak asymptotic simplicity—see Hawking and Ellis 1973). (For
examples of such groups or solutions resulting from.their application, see Papapetrou
(1953), Ehlers (1962, 1965), Ernst (1968, 1974), Geroch (1971, 1972), Lewis (1932),
Matzner and Misner (1967), Kinnersley (1973).)

This paper is set out as follows. The two basic ordinary differential equations are
written down in § 3 and explicit formulae for the metric and Ernst potentials are given in
§ 4. Methods of solving the ordinary DE are postponed till § 10. In §§ 5 and 6, we
demonstrate that Einstein’s vacuum field equations are satisfied and so also is ‘rule (a)’
of Tomimatsu and Sato (1973). In §§7 and 8, we prove that the solutions are
asymptotically flat and are well behaved on the symmetry axis and very simple formulae
are given for the metric coefficients and Ernst potentials on the symmetry axis in § 9.
Finally, in § 11, we give an efficient algorithm for calculating the cases when & is an
integer and these results may be directly compared with the Kerr and 1s solutions when
§=1,2,3,4.

The metric coefficients are analytic functions of the parameters 67> and ¢ for
—0<§ <o and ~0<g <, when viewed in canonical cylindrical coordinates,
outside the inner regions, presumed covered by the material source of the gravitational
field, where the analytically extended vacuum solution may be singular. However, we
shall concentrate attention on the ranges 0 < § <o, —1< g < 1, though it will be clear
how our equations may be adapted to the cases |q|> 1 and/or § finite pure imaginary.
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The limiting cases, § =00 and g = +1, will be treated in a separate paper (Cosgrove
1977¢). These correspond to a ‘rotating Curzon’ metric and a generalised ‘extreme
Kerr’ metric, respectively., A further paper (Cosgrove 1977d) will present a formula-
tion of the stationary axisymmetric gravitational field equations alternative to those of
Einstein (as arranged by Lewis 1932) and Ernst (1968, 1974) from which the present
family of new solutions and another similar but unphysical class arise quite naturally.

2. Einstein’s and Ernst’s equations

2.1. Field equations

Take the metric of space-time in the Weyl-Lewis-Papapetrou canonical form (Lewis
1932):

ds’=e®“(dt—w dp ) —e “[e*"([dr*+dz®)+r2 de¢?], 2.1

where r, ¢, z are cylindrical coordinates, ¢ is time and u, w, ¥ are functions of r and z
only. Einstein’s vacuum field equations reduce to

Up+ Uy +(1/ D+ (1728 e** (i + 02 =0, (2.2a)
W+ W, — (1/7)w, +4(uw, + U0, ) =0, (2.2b)

where u, =du/dr, u, = d°u/ar*, etc. Ehlers and Kundt (1962), Ehlers (1965) and Ernst
(1968) chose a new potential ¢ according to

.=(1/r) e“uwn . =—(1/r) e4'uwr- (23)

Compatibility of the two equations (2.3) is guaranteed by the second Einstein equation,
(2.2b). The field equations can be rewritten:

Uy + g +(1/ ), +5 7 Wi+ ¢ =0, (2.4a)

Y+ Wzz + (/1) = Huthy + uzp:) = 0. (2.4b)
These are Ernst’s equations. Ernst (1968) then chose two complex potentials,

€= +iy, (2.5a)

£=(1+%)/(1-9), (2.56)

each of which satisfies a single compact and elegant field equation, but which does not
uncouple equations (2.4) because of the appearance of the complex conjugates, £* and
£*. The complex Ernst potential ¢ assumes a simple form for many known solutions,
especially the Kerr solution, and has been very useful in finding new ones. However,
surprisingly, € and & do not arise naturally in our work and the original derivation from
first principles proceeded, of necessity, in the (i, w) formulation. The metric coefficient
¢’” can be obtained from

v +iv, = r(u, +iu, ) = (1/4r) e* (w, +iw, ), (2.6a)
= r[(u, +iu. )+ e (U +iv, )], (2.6b)
compatibility being guaranteed by the field equations, (2.2) or (2.4).
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Alternative coordinate systems will be needed. The spherical-like coordinates
(p, 8) (not to be confused with Schwarzschild coordinates), defined by

r=p sin 6, z =p cos 6, (2.7)

will be useful in discussing the asymptotically flat outer regions. The much more
important prolate spheroidal coordinates (x, y) are defined by

r=x(x’=1)"*1-yH"? = Kkxy, (2.8)

where « is a positive constant. x is aradial coordinate, y angular withrange — 1=y =<1.
Many known solutions, including the Kerr and Ts solutions, take relatively simple forms
in these coordinates for appropriate «.

Remarkably, the system of coordinates most strongly preferred for our solutions is
not prolate spheroidal but a rather unusual system:

v=y/x, n=*-1)/(1-y>. 2.9)

These coordinates, which are orthogonal and depend on «, are rather poorly suited to
the asymptotically flat outer regions and break down on the symmetry axis, y*= 1.
Nevertheless, these are the independent variables in the two ordinary differential
equations which determine our solutions. Note that large n corresponds both to the
distant outer regions and the neighbourhood of the symmetry axis.

2.2. Some well known solutions

Let a solution of (2.2) or (2.4) represent an astrophysically meaningful rotating body
with mass m >0, angular momentum J, vanishing mass dipole and mass quadrupole Q,
in geometrical units. Then in (p, 8) coordinates, the functions u, w and ¢ adopt the
following asymptotic behaviour:

u=-mp ' +(Q—3m>)Gcos’ §—Hp*+0(p ™), (2.10a)
w=-2Jsin’8)p ' +0(p7?), (2.10b)
y=—(2Jcos 8)p 2+ 0(p ), (2.10¢)

as p > . The coefficients of higher powers of p ~* will involve higher multipoles of mass
and angular momentum type. These formulae will be regarded as boundary conditions
at infinity for the partial differential equations, (2.2) and (2.4). Other boundary
conditions, which will ensure a well behaved symmetry axis, are that the coefficients of
the power series in p " for u, (cosec” 8)w and ¢ be polynomials in cos . Similarly, the
coefficients of power seriesin x ' for u, (1 — y*)"'w and ¢ should be polynomialsin y.

The static or non-rotating case, w =0, was solved completely by Weyl (1917).
Putting w = 0 in (2.2) yields

U + Uz + U, /r=0 (2.11)

which is the axisymmetric Laplace equation in cylindrical coordinates. The general
astrophysical solution involves one arbitrary function of one argument., Special solu-
tions of interest are the Schwarzschild solution,

u“lln(x_1> r, equivalentl
=57 or, equivalently, ¢

x, (2.12)
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with k = m, and the Zipoy-Voorhees solutions (Zipoy 1966, Voorhees 1970),

1

38 1n(x—7—1), (2.13)

u:
x+1

with k = m8™". These fields have mass m and quadrupole Q = m>87%(8°—1). 8 may
take pure imaginary values by transforming to oblate spheroidal coordinates (%, y)
according to

X =iX, y=y, K =K, 8§ =—ié.

Also, the limit 8 - o (or § -» %) is quite regular when viewed in (p, 8) coordinates. This
is the Curzon metric,

u=-m/p. (2.14)

In fact, u is an analytic function of 572 for —0< 8 < with p, 8 held fixed, p
sufficiently large. Voorhees (1970) interpreted these solutions as the exterior gravita-
tional fields of prolate spheroids for 1< 5% < w0, oblate spheroids for —00<§ <1,
and a sphere for § =1.

The Kerr metric has the simple formula,

£ =px —iqy, (2.15)

with p>+q°=1, k =mp (Ernst 1968). This field has mass m, angular momentum
b 3 2
J=m"q and quadrupole Q = m”°q”. The potentials u, w, ¢, y are given by
2.2 2.2
w_PX"+q7y -1
=, 2.16a
(px+1)2+q2y2 ( )

_ 2mq(1-y*)px+1)

= Pt glyi—1 (2.1654)
- 29y
¢’— (px+1)2+q2y29 (2.166)
2,20 0202
27:..’!__qy__ (2.16d)

pi(x*=y?)

This is the case § = 1 of the Tomimatsu-Sato series. The nextcase § =2(1s 1972, 1973)
is given by

_px g’y -1 -2ipgry(x*~y?)
2px(x*—=1)=2igy(1-y*)

withp®+q° =1,k =3mp,J = m’q, Q =im>(1+3¢°). The paper, Ts (1973), then gives ¢
for §=3,4 and u, w, vy for 8 = 1, 2, 3. These latter functions are rational in x and y, if
k =mpd ", but the degree of the polynomial numerators and denominators are large,
like 28% or 28>+ 1. Ts give seven ‘rules for computation’, labelled (a) to (g), for these
polynomials and claim that they can also derive expressions for integers § =5. These
rules are rather weak, for purposes of practical computation by hand, since they leave a
large number of coefficients undetermined, which can then only be determined by direct
substitution into Ernst’s £ equation.

In this paper, we shall present a relatively quick algorithm for obtaining the
solutions when & is an integer (§ 11). A demonstration is given in the appendix where

3 2.17)
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the metric coefficient e2” is given for § = 1, 2, 3, 4, 5. However, the main objective is to
generalise the Ts solutions to continuous 8 with —0< 8§ >< o0, These will be inter-
preted as the gravitational fields of rotating prolate or oblate spheroids as for the
Zipoy-Voorhees metrics. When g = 0, these solutions reduce to the Zipoy—Voorhees
metrics with the same m and 6.

We shall mainly concern ourselves with parameters in the ranges 0<§ <0,
~1<g<1. The extension to faster rotation, |q| > 1, is given by the substitution,

(xa Y.k, D 4, 6)-)(ix-’ Y, —iEa —ip-, q, 5) (2.18)
The extension to more flattening of the source (beyond 8 = <0) is made by

(x, y, &, D, q, 8) > (—if, v, iR, p, q, —i8). (2.19)

Concerning limiting cases, see the last paragraph of § 1.
As noted by Ernst (1968), new solutions can be generated from old by the
substitution,

&=e’¢ (2.20)

where A is a real constant, 0< A <2m. Except for A =0 and A = m, this transformation
creates a coordinate-type singularity on (at least) half of the symmetry axis, when the
mass m # 0, and so does not generate astrophysical solutions. However, the parameter
A arises naturally in our solutions, so it is worthwhile to discuss this transformation
briefly.

The parameter A will be called the NUT parameter because of the well known result
that the Schwarzschild metric transforms into the Taub-NUT metric (Newman et al
1963, Taub 1951; for properties, see Misner 1963, Bonnor 1969). Likewise, the Kerr
metric transforms into the Kerr-NUT metric (Demianski and Newman 1966). The
general static Weyl solutions transform into the Papapetrou-Ehlers solutions
(Papapetrou 1953, Ehlers and Kundt 1962, Ehlers 1965). Each of these authors has a
different method of derivation. Geroch (1971, 1972) has shown that this type of
transformation exists for all vacuum gravitational fields admitting a Killing vector.

The explicit transformation equations for u, ¢ and y are

e =e™[(cos 3A —y sin3A )2 +e** sin? A ], (2.21a)
¥'=—cot 3A + (cot 3A — ¢)[(cos 2A — & sin 3A Y +e*“sin*3A]7Y, (2.21b)
Y= (2.21¢)

For the transform of w see Geroch (1971). The asymptotic behaviour of these
transformed potentials is given by

u'=—(mcosA)p '+0(p ), (2.22a)
Y'=02msinA)p ' +0(p ™), (2.22b)
o' =constant—2m sin A cos § +O(p ). (2.22¢)

An additional trivial transformation which also enters our work is the replacement,

*, o, ¥)> (K e*, K w, K¢), (2.23)

where K is a constant.
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3. Ordinary differential equations for H; and K¢

The metric coefficients and Ernst potentials may be expressed in a simple manner in
terms of two functions, Hs=Hs(n) and K®=K®(y, n), satisfying independent
second-order ordinary DE in independent variables,  and v, respectively. (Recall the
definition (2.9) for n and ».)

The DE for H, is

n (140 Hi = 4H.(nH — Ho)[-8+ Hs— (1+n)H.], G.1)
where the prime denotes d/dn, subject to the boundary condition,
H,=8p7*+0(n™") as 1 - . (3.2)

8 and p = (1—¢%)""? are arbitrary constants which will be identified with the corres-
ponding parameters of Ts (1973)in § 8. Attention will be mainly concentrated on the
ranges, 0<§ <0, -1<gq<1,0<p=<1. Regarding n as a complex variable, H, is an
analytic function of n in the whole complex 7n plane, including n = %, except for a finite
number of simple poles and, if § is not an integer, two branch-point singularities at n = 0
and n = —1 requiring the plane to be cut from n =0 to n = —1 along the real axis. The
real simple poles, =70, M1, N2, ..., No>MN1>n2>..., will be seen, in §4, to
represent the infinite red-shift surfaces. An efficient method of solving the H, equation
by inﬁznite series is given in § 10.1. When 6 is an integer, H, is a rational function of n
and g°.

Many later formulae are shortened considerably if, in terms of H,, we define several
other functions of 7:

Ha = (sgn q)[~8"+ Ha— (1+ mH:]'", (3.3)
ov=n""(Ha=nH3)'", (3.4)
72= (g a)-H})'", (3)
A=exp( ] (1+4)"2a1) 04), (3.6)
F=exp(~[ 71+ ()-89 04). 67

When & is an integer, I is a polynomial in n ' of degree 8°; H,, Ha, o, and o are
rational functions of n with n°'T" as denominator and A is a rational function of n and
(1+7)"?. I'(n)is tabulated in the appendix for § =1, 2, 3, 4, 5 and Hy, H>, o1, 0 and
A are tabulated for 6 = 1, 2, 3. For general § and ali g # =1, I is analytic in the complex
1 plane (including n = o) cut from n = —1 to n = 0. The zeros of I are simple poles of
Hs, H>, oy and o, and are either simple poles or zeros of A. The signs of the square
roots given in equations (3.3)-(3.6) are appropriate for the outer regions, 7 > no, and
should be determined by analytic continuation for the inner regions.

The second ordinary DE, with v as independent variable and n regarded as a
constant parameter, is for either of two closely related functions, K= K®(y, n),
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where e =+1 or —1. Itis:

K94 (_ 2v nv no1 )Kff)

1-2° 1+nV n01v+eiaz
+<_ 82 + H,+einH,v : eino 1 H>
1= Q-0 +nvD) A=) (nowv+e€ios)

)K“)= 0. (3.8)

This is a linear Fuchsian equation with five regular singular points and takes the form
[2, 3, 0] in the Ince classification scheme (Ince 1927). Some properties of this equation
and its solutions as well as alternative DE are discussed in § 10. When & is aninteger and
(3.1) and (3.2) are satisfied, equation (3.8) admits polynomial solutions. The metric of
space—time will depend on two linearly independent particular solutions of (3.8). These
are the functions K{(», n) and K% (v, 1) defined by the boundary conditions:

K¥=1, K =¢€i((1+n)" %0, — H,) atv=0 (3.9a)
K& =i, K& =01+n)"%0,+H, at v =0, (3.9b)
They satisfy
A=KEOKS) -KOKE =21+7)20 =10 +qp?) 20, —eino ). (3.10)
The close relation between K" and K™V is shown by the following formulae:
KP(v, m)=K{(=v, n), (3.11a)
KS(v,n)=—-KS(—v, ), (3.11b)
K= -26iA7 K+ eiHy(1- 7' K] (3.12)

In all formulae below involving K€, it is strongly advantageous to retain € as a

two-valued parameter rather than give € one of its particular values, suchas e =+1. In
this way, all relations which are not invariant under € » —¢ actually split up into two
independent relations. Throughout the rest of this paper, except where confusion may
arise, the superscript ‘(¢)’ will be dropped from K, K{ and K%

The functions Hy4, K1, K> and those defined by (3.3)(3.7) depend on three parame-
ters, namely 8 in (3.1), ¢ in (3.2) and « in (2.8) and (2.9). The space-time metrics
constructed from these functions in § 4 will be the asymptotically fiat metrics containing
the discrete Ts series but unphysical metrics with more parameters result from the same
formulae if the definitions of Hy, K; and K, are generalised in the following manner.
First, let H, be any solution of (3.1), i.e. not subject to (3.2). Then (3.3)-(3.7) still apply
except that ‘sgn ¢’ may be replaced by +1 and |, must be replaced by |, = —", i.e. minus
any indefinite integral. Second, the boundary conditions (3.9) for K; and K; may be
generalised by the replacement,

Ki-a:1Ki+a;A7'K, K- a3AK + aKs, (3.13)

where a, ..., as are constants and a;as—aza3=1. These two generalisations each
contribute one additional non-trivial parameter.

A third non-trivial parameter, h, may be introduced into the differential equations
themselves. Let H, be any solution of

n*(1+nYH =4(nHY — HHy— h*)[ -8+ Hy~ (1 +n)HY) (3.14)
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which clearly reduces to (3.1) when A =0. Let H,, a1, 0> and I be defined by (3.3),
(3.4), (3.5) and (3.7) with the same comments as above applying, but A must be defined
very differently (see § 5). Define also

H, = +3(n’clci—h?)"? (3.15)
with sign chosen so that (3.14) simplifies to
n(1+7n)Hi=4H H,. (3.16)

When h =0, H, =ino,0,. (Several other useful differential identities are given below
in (5.7).) The equation for K must be modified to

2v nv nlol 8? H,+einH,v
KW+(— + -—— , )K,+(— +
1-v° 1+m° nloiv+2eiH,—h 1= Q-1 +nd)
einzasz 2h(1+7)v

s mrs v e ) G17)

The boundary conditions for the particular solutions K; and K are rather complicated
when A # 0 and will be postponed till § 5. For the present, it is sufficient to note that

A=K K, — KK,

=2(1+m)" A= A+ )V (noy) H(—€in’alv + 2H, +€ih), (3.18)

and that, with this expression for A, equation (3.12) holds. It is interesting that, even
when A #0, there is a discrete series of § values which lead to relatively simple
elementary functional forms for the solutions of (3.14) and (3.17). These cases, which
are very briefly mentioned at the end of §11, reduce to the Ts metrics, where 6 is an
integer, when h = 0.

4. Construction of the metric and Ernst potentials from H; and K

The complex Ernst potentials, € and ¢, are not the most convenient for our purposes.
Instead, from u and ¢, construct

Fy=e Fo=—y e, Fi=e (Y +e*) 4.1
satisfying F1Fs—F3=1. Explicit formulae for the F are
Fi=AK{PK{ = -26iAA'[K K, +€iHo(1 -2 'K3]. (4.2a)
Fy=3KOKO+IKOKT = ~€iA 7 [K 1Ko, + KoKy, + 2eiHo(1— v3) 'K K], (4.2b)
F3=AT'KYKSO=-2eiAT A7 [K.K,, +€iHo(1 - v?) K3, (4.2¢)

The metric coefficients, w and e*”, may now be calculated by quadratures using (2.3)
and (2.6b), respectively. Actually, both functions may be expressed in terms of
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functions already defined in § 3 without the need for quadratures. The F form three
linearly independent solutions of a third-order linear DE which is investigated in § 7.

It is a far from straightforward matter to show by direct substitution into Ernst’s
equations that we actually have a vacuum gravitational field. The main difficulty arises
in determining the behaviour of K;(v, n) and K>(», n) with respect to n. The proof
appears in § 6 after an efficient method of dealing with the n and » behaviour on an
equal basis is established. Similarly, it is very difficult to show directly that our solutions
are asymptotically flat and are well behaved on the symmetry axis. This proof is givenin
§ 8 with the aid of the F equation.

The formulae (4.2) apply also to the larger class of unphysical solutions with six
non-trivial parameters, though, for A # 0, we have yet to define A(n) and the appro-
priate boundary conditions for K; and K;. Consider the effect of the replacement
(3.13), which is applicable for all k, on Fy, F; and F;. They transform as follows:

Fi»aiF,+2a,a,F>+a3F;,
F2—>a1a3F1+(a1a4+a2a3)F2+a2a4F3, (43)

F3—>a§F1+2a3a4Fz+a3F3.

This is easily seen to be a composition of a NUT transformation (2.21), a trivial
transformation (2.23) and the replacement ¢ - ¢ + constant. These three transforma-
tions form a group isomorphic to SL(2) and represented by the unimodular matrix,

(o o)
s og/
The case of a pure NUT transformation with NUT parameter A is given by

1 .
1= a4 =COS3A, @ = —a; =sin JA. (4.4)

The other two unphysical parameters, namely 4 and the one introduced by dropping the
boundary condition (3.2), admit no such easy identification. They both destroy
asymptotic flatness and create a curvature singularity along the symmetry axis.

The metric coefficient e*” actually has a surprisingly simple formula. If A =0, then

ez”=<1+l>
n

a function of n only, and if 2 #0,

-8

L(n), (4.5)

2h 1

e’ = (constant)(-i—é—i) ( 1 +;) _821‘(17 ). (4.6)

These results are proved in § 6.

Let us now construct a Ricatti equation from the linear K equation. Then we shall
be able to construct a compatible Ricatti equation in independent variable n with v held
constant. With the aid of a set of six identities, it will then be straightforward to show
that the vacuum Einstein equations are satisfied as well as prove (4.5) or (4.6) for e*”
and (4.19), below, for w. For the present, consider only A =0 and (a1, as, a3, as)=
(1,0, 0, 1), but (3.2) need not necessarily be imposed.
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From K, and K, construct three functions My, Iy and J,, independent of € = +1,
according to

I 1/4
K= (%) Y71 +€iMol, (4.7a)
2= 1
€i0'2+7]0'111 /4 —1/2 .
- <m> 15[ Jo+ €i(lo+ MoJo)). (4.7b)

Note that (4.7) splits into four equations because of the two values of €. They are
compatible on account of (3.10) and (3.12). The branches of the fourth roots are
determined by making them take the value +1 when » = 0. On differentiating (4.74, b),
using (3.10) and (3.12), the Mo, I, and Jy are seen to satisfy the following differential
relations:

M,, = A +BM;, (4.8)

Iy, =2BM,l,, 4.9)

Jo, =—BI,, (4.10)
where

1/2
e B )
1/2

BzB(”’")=_1R—;2 (1{;22%_1{]12)’ (4.12)
where H, =%no-102 and

R=R(yn)=(1+n)1+n") (a3 +n’civ?). (4.13)

The transformations (3.13) or (4.3) correspond to

Mo>M=Mo+o(Jo+ ez A)7, (4.14q)

Io=>1=ATy(arJo+a A2, (4.14b)

Jo>J = (asAJo+ asA’)azJo+a A) (4.14¢)

The functions M, I and J satisfy the same differential relations as My, I; and J,. Note
particularly that M satisfies the Ricatti equation,

M,=A +BM?, 4.15)

and that (4.14a) shows how the general solution of (4.15) is constructed from a
particular solution M = M, (interpreting a;a> A as the arbitrary constant of integra-
tion). Itis clear from (3.9)and (4.7) that Mo, I and J, are distinguished by the following
simple boundary conditions at v =0:

My(0, n)=0, In(0, n)=1, Jo(0, m)=0. (4.16)

In terms of M, I, and Jy, the explicit formulae for the metric coefficients and Ernst
potentials take the form:

e = A" (1 +M3) !, .17
U=—A""IM(1+M3) ' =A,, (4.18)
w =2k8qp~ '+ 2k AIT'[RV*(1 - M3)~ Ho(1 + M2)]. (4.19)
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Equations (4.17) and (4.18) follow directly from (4.1), (4.2) and (4.7). This explicit
formula for w will be shown in the next section to satisfy equations (2.3). The additive
constant 2«x8gp~" in (4.19) is chosen so that w >0 as n > when (3.2) applies,
(a1, @z, a3, as)=(1,0,0, 1yand A = 0. In all other cases, an arbitrary additive constant
may be substituted.

In practice, w should not be computed directly from equation (4.19). A much better
formula,

w=xk[28qp " = 2H e —(1 =)y, e~*], (4.20)

follows immediately from (4.17)-(4.19) and (4.8)-(4.10). In fact, the functions My, I
and Jy, though of considerable theoretical utility, are very poorly suited to investigation
of the physical properties of space-time, especially in the asymptotically flat outer
regions. The difficulties arise from the fact that R'/? is directionally singular at infinity.
A single simple example will suffice to show this singular behaviour. A direct substitu-
tion from (2.16) and the appendix gives for the Kerr metric, § =1, in spheroidal

coordinates,
R = (4 g7y -1 [Py - PR - (@21
Mo=y (px*+2x +p) (p’x*+q°y*~ 1) {~g’xy* +qy*(—p°x’ +p’x + 2x +2p)
—qx(px + 17 +[(px + 1) +4°y*[p*y’(x*~ 1’ +¢°x>(1 - y*)')' 2}
(4.22)
Clearly

lim lim # lim lim

y—=>0 x> x>0 y—=0
for many expressions involving R 12 M,, Iy or Jy and we shall say that these functions
suffer from the ‘R singularity’. The functions K, K, Fy, F> and F are all free of this ‘R
singularity’, though it appears in a more or less innocuous fashion in the DE (3.8). (See
§§ 7 and 10.)

The formulae (4.17)-(4.19) are, however, useful for the equatorial plane » =0. On
v=0,¢=0and

e“=A"" w =2k8qp "+ 2k A[(1+ 1) ?0,~ H3). (4.23)

A knowledge of the metric coefficients on the equatorial plane only is sufficient for
many investigations. The functions in (4.23) may be efficiently computed by the
methods of § 10 even in parts of the highly curved inner regions of space-time. Note
that the real zeros of I'(n), say = no, 71, M2, . . . (arranged so that xo>x;> x> ...,
running into negative values, where n; = x7~1 for y = 0, the sequence terminating at
~Xo) are simple poles of Hy, H,, o1 and o, and are alternately simple poles or simple
zeros of A. In particular, 99, 12, 14, . . . are simple poles and 71, 13, ns, . . . are simple
zeros of A. The simple zeros of A represent ring shaped curvature singularities on the
equatorial plane. These ring singularities are well known in the cases of the Kerr and Ts
metrics. TS (1973) noted, without proof, that the space-times with § an integer have
exactly 28 infinite red-shift surfaces and that the ring singularities on the equatorial
plane reside on every second such surface.

Actually, the full (2+ 1)-surfaces, n =19, 7 =11, ..., each having topology S, X R,
are precisely the infinite red-shift surfaces of space~time. On these surfaces, the metric
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and Ernst potentials assume familiar transcendental functional forms (of the coordi-
nates, but not the parameters). When the limit n - no is taken in the DE (3.8), all the
coeflicients remain finite. In terms of the constants,

So="I"(no), To=T"(no), Ao= lim (n = no)A(n), (4.24)
and a new dependent variable,
R(v)=(1=eing*v)" K, no) = (1 +€ing*») K T(v, no) (4.25)

(independent of e—consistent with (3.12)), the limiting equation reads:

- 2v nov .
K,,,+(——+ )K,
1-° 1+770V2

- 8 imo(1+no)ToSs" —82110)

- g =0. 4.2
1+mor” (1—-v%) (1- 51 +nov?) k=0 (4.26)

This is precisely a Lamé equation for (1—»%)"/*K in the form [2, 2, 0] in the Ince (1927)
classification scheme. The substitution u = »* puts it into the more familiar [3, 1, 0]
form. The particular solutions,

Ki(v)=01- ein(l,/2v)_1/2K1(V, No),

Ra()= (1= einsn)*2( lim (7= m0)Ka( m)),

satisfy the boundary conditions,

Ki=1, K., =0, K,=0, Ka, =208 (1 +no),

at v =0, implying that K, is even, K, odd in ». The explicit formulae for e**,  and w on
the surface n = 7 are given by

lim (n - n0)”" €2 = A5 (1 +mor®) (K1 (v)) 2, (4.27a)
¥ =—As K )Ki(v)) 7}, (4.27b)
w e =—knd*(1- )1 +nov?) L. (4.27¢)

Equally simple formulae apply for the normal derivatives of these functions and for the
metric coefficient, e 2*(w” e** —r?).

The corresponding formulae for the infinite red-shift surfaces, n =n2, =174, ...,
are identical to the above (if n,; > 0) if we replace Sy by $>=T"(n,), and so on. The
cases, n =171, 7 =73, ..., which carry the ring singularities, need to be treated slightly
differently. Similarly, minor adjustments are needed for those cases where 7 <0
and/or x <0 which are of interest only in the case when & is an integer. Consider
7 = 71, supposing 11 >0 and x >0 on n = n; (true at least for § =2). Then equations
(4.25)and (4.26) remain unchanged except for the obvious replacement of 14, So, T, by
N1, S1=I"(n1), Ti=T"(n:). The particular solutions K;(r) and K>(v) are defined
somewhat differently by

K.(v)=€i(1 —ein}”u)””( lim (n —n)K(v, n)),

LEL T

K,(v)=—e€i(l —ein}/zu)_l/sz(V, 1),
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and satisfy boundary conditions,

K,=0, Ky, =2n11+m), K:=1, K, =0,
at v =0. Then, with

Av=lim (7 =m)"A(),

the formulae for e ¢ and w take the form,

lim (n—n)"" €™ = AT 1+ 000?)AK) (4.28a)
n-=>n
¢ = AT R K (v) 7, (4.28b)
w e =—kni? 1 -1 +n0%)7" (4.28¢)
Note that e** vanishes on all the surfaces, n=no M="N1..., except on the
equatorial plane (v =0) in the cases, n =71, n=ns,..., where it is singular. The

vanishing of e** is the criterion for an infinite red-shift surface which is the boundary of
an ergosphere (e** <0).

Let us conclude this section with a discussion of the various possible singularities of
our (asymptotically flat) space-times. If § is not an integer, then Hy, H>, 01, 02 and A
have complicated branch point singularities at =0 and n = —1. Consequently, the
(2+1)-surface, x = 1, is a natural boundary for the exterior vacuum metric. Outside
x =1, there are no other singularities apart from the ring singularities already discussed
(if any with x > 1). The most important use of these solutions in astrophysics would be
as vacuum exteriors of finite rotating bodies, ¢.g. neutron stars, whose mass and angular
momentum multipole moments depend on precisely three parameters.

However, if 6 is an integer (and q # 0), one may meaningfully discuss the highly
curved inner regions beyond x =1. The functions, H;, H,, oy, o; and A are now
analytic at n =0 and 1 =—1 (except that A is an analytic function of (1+7)"/? at
n=-1). In the case § =1 (Kerr metric), the surfaces x =1 and x =—1 are the
non-singular event horizons. For 8 =2, 1s (1972, 1973) also interpreted these surfaces
as event horizons, but this is not strictly correct (see Gibbons and Russell-Clark 1973,
Glass 1973). In these cases, the poles, x> =1, y*> = 1, appear as directional singularities.
Actually, for § = 2, Ernst (1976) and Economou (1976) have shown that these ‘points’
are non-singular surfaces as suggested by the calculation of the Weyl tensor (Economou
and Ernst 1976). Without doubt, the main conclusions of these two authors will apply
for & = 3, except that the interesting wormhole topology will increase in complexity. Of
course, these solutions cannot be considered as ‘black holes’ because of the naked ring
singularities. Nevertheless, they deserve some consideration as possible end-points of
gravitational collapse since the non-formation of naked singularities is still conjecture.

5. Ricatti equations for My; n dependence
In the last section, we saw that (for 2 = 0) the function My(v, n) was a particular solution
of the Ricatti equation,

M,=A+BM?*, 5.1

satisfying Mo(0, n)=0. The general solution is given by (4.14a) if a a5 A is inter-
preted as the arbitrary ‘constant’ of integration. The coefficients A and B are given by
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(4.11) and (4.12). Now, we shall prove that M, as defined by (4.14a), satisfies the
Ricatti equation in independent variable 7,

M, =C+DM+EM?, (5.2)
where
D=D(v,n)=2n""HR™'? (5.3)
C) (C, H
{E}={EEZ Z;} =2n(1+‘:7VVz)R (FR'?+Hy), 54).6:3)

minus sign for C, plus for E. Considering the identity, M,,=M,,, we see that
compatibility of (5.1) and (5.2) is guaranteed by

A,—-C,—DA =0,
D,—-2BC+2EA =0, (5.6)
B,—E,+DB =0,

which may be proved by direct substitution. (Note: the following identities, which
follow directly from (3.3)-(3.6), (3.15) and (3.16), are most useful in these calculations:

H,=-0a3, Hy=-2n"'H, (5.7a, b)
Hi=-3(1+n) " Hyo3+n0l), AN=-(1+n)"?0A, (5.7¢,d)
' g 2H1H2 2H1H2
o=t oh= -2 5.7e,
: n 772(1+77)0'1 2 n(l+n)o, ( H

Except for (5.7d) for A’, these equations are written in a form valid also for & #0.)
Now the identities (5.6) are not quite sufficient to guarantee that M satisfies (5.2) when
the functional form (3.6) of A is taken into account. If (5.6) are solved for unknowns C,
D and E, then the solutions are determined up to three arbitrary functions of 7.
However, two of these are completely arbitrary—only the third is determined by the
functional form of A. So, to complete the proof of (5.2), merely set v =0 1in (5.2), using
(4.14a), (4.16), (5.3)-(5.5), to obtain

A'=-D(0, n)A. (5.8)

This is in agreement with the definition (3.6) or (5.74).
It is now a simple matter to verify the important identities,

Mo, = C+DMy+ EM;, (5.9)
(A" o), = (D +2EMy)A'I,, (5.10)
(A" o)y =—EA'I,, (5.11)

which are satisfied also by M, I and J. The theoretical importance of the functions My,
Iy and Jo, rests on the set of six identities (4.8)-(4.10) and (5.9)-(5.11). The proof that
Einstein’s vacuum equations are satisfied is now straightforward, though rather lengthy
(see § 6). Consider, for example, the formulae (4.17), (4.18) and (4.19) for e**, ¢ and w.
In (¥, n) coordinates, the relations (2.3) read:

_2(1+"l)(1+"71’2)e4u ‘1/ _ 1+"7V2 du
k(1-v*) @ " 2en(14n) ¢

v, = w,. (5.12)
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These may now be proved by direct substitution using the relations (4.8)-(4.10) and

(5.9)~(5.11).

Let us now derive the appropriate boundary conditions for K satisfying the DE
(3.17) for the cases h # 0. First, consider the two compatible Ricatti equations,

M, =A +BM?, M, = C+DM+EM?, (5.13)

where A, B and D are defined, as before, by (4.11), (4.12) and (5.3) with the definition
of R modified to

R=(1+n)1+m?) o3+ n’civ’—2hy),
and the definitions of C and E are modified to

{C} =H4v—-h(1~nz/2)
E 2n(1+nvH)R

(FR'?+ H,).

When h # 0, we cannot define a particular solution, M = M,, satisfying M(0, n)=0.
Consequently, we must choose M to be the particular solution of (5.13) satisfying

Mo(0, n)=po(n) (5.14)
where uo is any particular solution of the Ricatti equation,
w'=C0,n)+D(O0, mu+EO, n)p’. (5.15)

Now, the general solution of (5.15) is

p=pmotui/(uatc), (5.16)

where c is the arbitrary constant of integration and

w=exp( [ (DO, )+ 2EQ, )uold) d), (5.170)

pr==| EO D) ds (5.176)

where a is a fixed constant. The general solution of (5.13) now reads,
M=M0+Io(Jo+a1a51A)~1

where a,a5' is the constant of integration and

Io=exp(j 2B(5, n)Mo(5, n)dﬂ), (5.184)

(¢]

Jo==| B, m)u(5, )45+ o, (5.186)
0

A=pui (5.19)

The My, Iy, Jo and A defined in this way satisfy the identities, (4.8)-(4.10) and
(5.9)-(5.11). So also do M, I and J as defined by equations (4.14).

Now construct e**, ¢ and w by equations (4.17), (4.18) and (4.19), respectively
(noting that the additive constant, 2x8qp ", in (4.19) may be replaced by an arbitrary
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constant). Clearly, the relations, (2.3), or, equivalently, (5.12), are satisfied. Next,
construct

2H, +eih —ein’ainy /! _ .

K‘=(2Hz-eih+eigza%,,> I5**(1+ €iMo), (5.20a)
2H,+eih—einoin\'/* _1/2 )

K2=(2H1—eih+ein20%1/ Iy "o+ €illot MoJo)]- (5.200)

It may now be immediately verified that K; and K satisfy the differential equation
(3.17) and the relations (3.18) and (3.12), and that e** and ¢ are given by the formulae
(4.2). The boundary conditions satisfied by K; and K, at v =0 are:

K,=6(1+¢€ino), (5.21a)
K1, = 0[uo((1+ ) 202+ Hy)+€i((1+ 1) *0,— H>)], (5.21b)
K> =0u7 [+ €i(pr + pora)l, (5.21¢)
Koo = 07 (s + pon2)[(1 4 ) 2o+ Hal +€ipo[(1+7) .- Ho (5.21d)

where

8 = (no102) V*(QH, +€ih)">.

Note that when h # 0, the explicit formulae for the metric coefficients depend on
three, rather than two, ordinary DE. The third is the Ricatti equation (5.15), which we
shall not discuss further in this paper. When & takes the discrete series of values (see
(11.22), below) for which the H, and K equations admit elementary functional
solutions, the Ricatti equation (5.15) also admits such solutions.

6. The ‘H’ equations; proof that Einstein’s and Ernst’s equations are satisfied and
comparison with Tomimatsu-Sato ‘rule (a)’

In (», 1) coordinates, Einstein’s equations take the form:

wA-v)2+n+npt + +2n+n?
EIE%(l_V2)2uyy+n(l+n)2unn_zv(1 v )(2 n nv )u +(1 77)(1 277 nv u

1+ vt Y 1-+-7;1/2 K
1+ n?) u
2—,:(?'171——'1,_2)564 [G(1-v*Ywl+n(1+n) wl]=0, (6.1)
1 232 2
_ av(l-v%) n(1+m[1+(1+2n)r7]
Ez=2tl'(1_Vz)zwuv+77(1+71)2wnn+ - v 14+ Wy,
+(1 =Y uuw, +4n(1+ 1) ttyw, =0. (6.2)

We have already mentioned that these can be proved by direct substitution from (4.17)
and (4.19), using the six identities (4.8)—(4.10) and (5.9)-(5.11). Actually, the relations
(5.12), whose proof requires much less labour, imply E» =0 since

Ex=ben(+m)(+m) (1= e (D) - - @) =0 63)
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Similarly, a direct substitution from those same identities will prove the following
interesting formulae:

1+'r;1/2

Hl(n)=mez"[%(l—uz)zu,wﬁn(l+n)2unwn], (6.4)
1+n)1+n2%) ., 1 -
Hz(n)=(—£i(—_y%li—) g wn"aez (0 —2kdqp~ "), (6.5)
Hi(n)=n’ci+no3
4
=1io fn G- v ul+n(l+n)ul)
+ 232
Qo) et - ol +n(+n)wll (©.6)

<1 +n)(1-2%)

Hi(n)=n’oi-no3

dn(1-mv) 222 2 2
— _m[z(l-y ) Lly_")(1+77) u"?
1-n%* dupl 22 2 2,2
tITTa e By el a(snyel]
8n°v(1-0v7) 2p(L+np?) 4
_ u 6.7
Toant T © e o7
4nv
S TR
14 1+7]V2) u
Kz(lin)(l—,,z)z e (1 - vV wi-n(l+n) e
2n(1 = v*)(1 = nv?) ik AR
_— . 6.8
+ e Uyly, 2K2(1_V2)e Wy (6.8)

These formulae are valid for all &, all (a;, a3, a3, as) With @ as—aza3=1 and for any
solution of the Hy equation (3.14). Note that the left-hand sides of (6.4)-(6.8) are
independent of (a1, az, a3, as). In fact, it is easy to show that if any stationary
axisymmetric vacuum solution of Einstein’s equations is substituted into the right-hand
sides of (6.4), (6.6), (6.7) and (6.8), then these expressions are invariant under the
transformations (4.3) which contain the NUT transformation. This general theorem is
not true for the right-hand side of (6.5).

Now the metric coefficient e*” is obtained by quadratures from (2.6a). Converting
to (v, n) coordinates and comparing with (6.7) and (6.8), we have the remarkable
results,

v, =2h(1=»")"", Yo =31"'(1+n)" H.,. 6.9)

Compatibility is obvious and the expression (4.6) for ¢*” follows immediately. Note
that when h =0,

e? =(1+1/n)"T(n), (6.10)
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a function of n only. When 6 =1, 2, 3, 4, this result may be directly compared with the
results of Tomimatsu and Sato (1973). They find

e’ = (constant)(x> - y*) > A(x, y)

where A (x, y) is a polynomial in x and y of degree 26°. Inspection of their tabulated
forms of A(x, y)for 8 =1, 2, 3 (and when 8 = 4 it is easy to construct A (x, y) from their
tabulated form for £) shows that it is a homogeneous polynomial in the variables, x?-1
and 1—y2 Thus e” is a function of (x>—1)/(1—y*)=1n only. In the appendix, we
tabulate I'(n) for § =1, 2, 3,4, 5 and, in the first four cases, our expressions are in
precise agreement with those of Ts.

The complete proof of Einstein’s equations may now be deduced from (6.3) and the
compatibility of (6.9). From (6.9), (6.7) and (6.8),

9 0
S ()= ()

=TT T )
- Kzn(11++n1;:12— % (11—+n:2“’" * 14_77:2%) e"E,=0. 6.11)
Similarly, from (6.6), (6.7), (6.8) and (3.5)
1111: aiv(h)+%(H“)+%H3_%H4
—( f-t:;()l(l_ : 2%)(‘ 1 : ot 11_—1:/22 “")E’
B xz(?(j ;:)?1” —) Vz)(‘ = a 11__";22 wn) e™E;=0. (6.12)

This last result is equivalent to the Einstein equation,
YretY2: T (1/ 1)y, = "2143_ (1/272) Cauwf.

Of course, with (6.1) and (5.12) now known to be satisfied, Ernst’s equations follow
immediately.

Equation (6.8) may be compared with the 1s ‘rules for computation’. Converting
(6.8) to (x, y) coordinates and using (2.3) and (2.34, b), we get

h = (x2 - 1)(1 - yz)(uxuy +% e_4u‘v//xl//y)
P -1 —y?) e (& &+ €x€,)
- D1 —y?) e ™A - B (1—E*) (et + €18, (6.13)

where the asterisk denotes complex conjugate. Now Ts write ¢ as the ratio of two
complex polynomials, « and B8: £ = @/B. Their ‘rule (a) states:

Im(Ba, —aB,)=0, Re(Ba, —aB,)=0.
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Since, for general 8, there is no obviously preferred numerator and denominator, we
combine these two relations to form a single relation for £:

E£EF+EFE, = 2B7°B* *[Re(Bax —aB;) Re(Ba, —aB,)
+Im(Ba, —aB,) ImBa, —aB,)]=0.

Thus the statement, ‘h =0’, is equivalent to Ts ‘rule (a) and this latter rule has been
given a meaningful interpretation for all 8.

In a future paper (Cosgrove 1977d), I shall prove that Ts ‘rule (a) uniquely
determines the solutions of this paper with A = 0. Indeed, the more general equation,
(8/0v)h = 0, interpreting h as the right-hand side of (6.8) or (6.13), if taken as the only
constraint on u and w over and above the stationary axisymmetric vacuum Einstein
equations, uniquely determines our three-parameter family of astrophysical solutions
but allows a larger class of unphysical solutions.

Throughout the remainder of this paper (except briefly in § 11), I restrict attention
to the astrophysical solutions where h =0, (e, az, a3, as)=(1, 0, 0, 1) and (3.2)
applies.

7. The ‘F’ equation; return to spheroidal coordinates

In § 4, the Ernst potentials were expressed in terms of the solutions of the second-order
K equation. An alternative procedure is to obtain F;, F, and F; directly as linearly
independent solutions of a third-order linear pDeE. This equation, though less mathe-
matically simple than the K equation, has some distinct advantages, especially with
regard to the investigation of the asymptotically flat outer regions. Later in this section,
we shall use the identities (4.8)-(4.10) and (5.9)-(5.11) to construct the F equation in
arbitrary curvilinear coordinates and then obtain a compact and very useful form in
spheroidal coordinates.
First, consider F;. From (4.17) and (4.8)-(4.10),

Fi=AI'(1+Mp), Fi,=2(A-B)AI;' M,
[QA -2B)'Fy,], = AI;'(A - BM3).

Hence, eliminating M, and I,, and dropping the subscript from F;, there results the
Appell equation (Appell 1889, Cosgrove 1977a):

(Fw —%FV —-(A —B)2F)2+(A +BY[F.—(A-BYF]=0. (7.1)

F=F,isaparticular solution; F = F; is another. The general solution takes the form,
F=a’F,+2abF,+b*F;, (7.2)

where a and b are arbitrary functions of n. However, a look at the  dependence of F,
using (5.9)-(5.11), shows that a and b are actually constants (cf (4.3)). All Appell
equations may be converted to second-order linear equations (Cosgrove 1977a) or to
third-order linear equations (Appell 1889). The former approach leads back to the K
equation, the latter to the ‘F’ equation about to be derived.

If the left-hand side of (7.1) is divided throughout by (A% — B?)* and then differen-
tiated, the resulting expression factorises into two linear factors, one of the second
order and one of the third order. The vanishing of the second-order factor gives rise to
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two ‘singular integrals’ which in this case are spurious. The other factor yields a
third-order linear Fuchsian differential equation which has F;, F, and F; as linearly
independent solutions. This equation reads

2nv 6v 2v ) ( 4> +d
- - FVV+ Tt 2~; 2
R""'-'—(l+'rw2 1-v* vi-e 1-v2)"—e)
2711/2 6v:—2-48° 4H4—6T[V2 7
- 2v7. 2 77—+ 3 2 N2 F,
(1+np ) v —e) 1-»9) 1=-2YA+nv") Q+nv)
4(1+n) [ 2 2 2, 2.2 2< nv 2v )]
- + +—2) [F=0,
(1-%-7]112)(1—1/2)2 3n‘oiv+(@rt o) 1+7w2 vi—e
(7.3)
where
2120 H,—8H H> H,—a3H,
= = = =t 7.4
d=dm)="E R emem =g (74)

This equation has six regular singular points. This number can be reduced to five by
changing independent variable to

w=re (7.5)
The resulting equation is
3 n 3 1 ) 1 (4;1,—4(170'1)—10'2H2
+(= - F, +—
Fiaun <2.u I+nu 1-w w—e/""™ 4u\ (1-p)u-—e)

_ 2nu +4(1—52)_ 10 +4114+2n—8~,;,; n )F
(I+nu)u—e) (A-py 1-p (A-p)d+np) A+nu)’/ "
+ 1+n

2u(l+nu)1-un)

2

[—31720'%4-(0'%4-1720%#)( L )]F=O.
l+nu up-—e

(7.6)

These equations are discussed briefly in § 10. A most important property is that the
polynomial, a3 + n a3 »*, does not occur in the denominator of any of the coefficients in
(7.3) or (7.6). Thus equations (7.3) and (7.6) are free of the directional ‘R singularity’
(see the paragraph containing equations (4.21) and (4.22)), though the Appell equation
(7.1) is not.

The boundary conditions at u = »*> = 0 which distinguish the particular solutions, Fj,
F;, and Fj, are most conveniently expressed in the following manner:

AR =1+ 2(1+ 0ol + 1+ 1) *(noy = 20.Ha)p 2 + O (), (7.7a)
F=2(1+n)"200 +O(?), (7.76)
AF;=1+[2(1+n)o3—(1+ 1) (noy —20:H,)]v* + O(v*), (7.7¢)

as »—>0. F; and F; are even in v; F, is odd in ».

So far, in the K and F equations, n has been held constant. However, analogous
ordinary differential equations can be constructed with n as independent variable and »
held constant. They are second order or third order and linear as for the original DE,
but they cannot be put in Fuchsian form (8§ #integer) since the coefficients are
complicated transcendental functions of 7, i.e. depending on H,, etc. Their derivation
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proceeds from the identities (5.9)-(5.11). But the two cases, v variable,  constant and
n variable, v constant, are not exhaustive. The identities, (4.8)-(4.10)and (5.9)-(5.11),
permit any function of both » and n to be chosen as independent variable and any
function of both » and 7 to be held constant.

Now the DE with 1 held constant are hopelessly inadequate for a discussion of the
symmetry axis and its neighbourhood. A limiting procedure in these (v, n) coordinates
would be most awkward. A far better procedure is to abandon the (v, 1) coordinates
and choose well behaved coordinates such as spheroidal coordinates (x, y), even though
the simple Fuchsian character of the equations is destroyed.

Let us derive the F equation in arbitrary curvilinear coordinates (p, 7) defined by

p=p(r,n), 7=7(r,n); v=v(p, 1) m=n(p,1), (7.8)

with p as independent variable and r held constant, and show that it is free of the ‘R
singularity’. Later, we shall see that the equation takes an unexpectedly compact form
in both cases of spheroidal coordinates, namely p=x, 7=y andp=y, 7=x.

Start with the identities (4.8)-(4.10) and (5.9)-(5.11). Since

( 3 ) ad + ad
—_ =y — —,
ap T constant Pa v Mo 87]

these identities imply

Mo, = X+ YMo+ ZM3, (7.9a)

(A7), = (Y +2ZMo) A 1), (7.9b)

(A" Vo) ==Z(A™' L), (7.9¢)
where

X =v,A+1,C, Y =n,D, Z=v,B+n,E. (7.10)
The formulae below will be more compact with the slight change of notation:

Ay=A-B, C,=C-E, X1=X~-2,

B;=A+B, E,=C+E, Z,=X+Z 7.1

Now equations (7.9) allow the immediate construction of an Appell equation for F:

[OF,, —30,F, -~ ®*F) + ®*[F: - OF%] =0, (7.12)
where

0=Xi+Y? (7.13)

O=Z,(Xi+ Y+ YX,, - X, Y, (7.14)

On dividing (7.12) throughout by ®®?, differentiating and then factoring out the
singular integral, there results the third-order linear equation:

q) 1 2 2.
\ 0 10, . 10,0, ¢)F+< 3

Zep +(
Foop - d 40’ 2 0 2700 0 2

20, +02 )F 0.  (7.15)

This is the required F equation. However, it is by no means obvious that the ‘R
singular’ terms cancel out of this equation. The proof is as follows. First, the coefficient
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of F,, is well behaved if ® neither vanishes nor is infinite when R = 0. Now, from (7.14),
(7.10) and (7.11),
@ = (1290 = VMo )A1D + v, AT,

+vin,(AiE1+2A,B,C,+ DA, —AD,)

+v,m3[B:1(Ci+D*+DC1,— CiD, +2A,C.E1+ DA, — A1D,]

+n3[Ey(Ci+D*+DCy, — C:D,). (7.16)
By direct calculation from (4.11)-(4.13), (5.3}~(5.5) and (5.7), we obtain
AD=47""1-v*"H,, (7.17a)
AB =8(1+n)1-v) A +m?) Q- v)H,— (63 +n’civ))H,], (7.17h)
AIE +2A,B,C:+DA,,~A,D,
=40 'v(1=v) A+ ) [3HH +2(1 + qv*)H]], (7.17¢)

B.(Ci+D%»+DC,,-C\D,

=2(1+7) A=) ' A +?) n ' = vDH. = (0 +o3v ) H,], (7.17d)
2A,C,E;+DA,,~AD,

=207 2(L+n) (1= A+ ) [-(1 - mv*)H H,

+2(1+2n+1°v)H], (7.17¢)
E(C3+D*+DC;,—C:D,
=721+ n) 2v(1+ ) [-H.Hs+2(1+ n)H)). (7.17f)

Clearly, all of the terms in R™' and R % have cancelled out and, in general, ® will not
vanish when R =0. Second,

®=v;A1+2u,m,A C1+15(Ci+D?)

=2 4R 2 2vH, ol oitoiv?
A= =D mD) P A+a) 1)

(7.18)

So the terms in R ™' cancel out of ® also and hence the coefficient of F in (7.15) is also
well behaved. However, ® may vanish when R =0, e.g. the cases 71, =0 such as
equations (7.3) or (7.6), and also the case of canonical cylindrical coordinates, p = z,
7=r. But the coefficient of F, in (7.15)is not singular at any of the zeros of ® since © is
a factor of the numerator (taking ©°® as the common denominator). By (7.13) and
(7.14) alone, the coefficient of F, may be simplified to

coefficient of F,
=-0+0 [ ZI(Xi+ Y)+3ZUYX,, - X 1Y)+ Z1,(X: X1, + YY,)
_ZI(XIlep + YYpp)'*'zZl(X%p + Y¢27)+(YPX1F’9 _XloYoo)]- (7-19)

The appropriate boundary conditions for F depend on the curves r(», 1) = constant
in the (v, n) plane. If these curves cut the equatorial plane v = 0, then the boundary
conditions may be given there. They are obtained in a straightforward manner from
(7.9), (4.17), (4.18), (4.16) and (4.1). If the curves r=constant pass out to the
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asymptotically flat regions, then the boundary conditions may be given there. The
simple asymptotic behaviour of Fy, F; and F;is givenin § 8. Itis also possible to express
boundary conditions at the infinite red-shift surfaces, n =ng, 7 =1, ..., with known
functions.

In general, the T = constant curves cut the infinite red-shift surfaces, n = 7, etc, at
isolated points in the (v, n) plane (exception: 7= 7). If p = po= po(7) is such a point,
then itis a trivial regular singular point of the DE (7.15) with exponents, —1,0and 1. Itis
trivial because the DE for (p —po)F has p = po as an ordinary point.

Finally, for spheroidal coordinates, the functions ® and @ take remarkably compact
forms. If x is the independent variable while y is held constant, then

0=4(1-y») %01, (7.20)
& =8y(x*—y3) "1 -y *H,yol. (7.21)

If y is the independent variable while x is held constant, then

=4(1-——y2)—20'%, (722)
&=-8x(x*-y)) (1 -y *H,ol. (7.23)

The argument of Ha, o, and o, is, of course, 7 = (x> —1)/(1 - y?). These formulae will
be most useful in the next two sections. It is worth noting also that ® and ® take forms
nearly as compact as these in cylindrical coordinates.

8. Proof of asymptotic flatness. Physical identification of parameters, m, g and &

With the F equation of the last section in spheroidal coordinates, it is now easy to
determine the behaviour of our solutions in the asymptotically flat outer regions and
near the symmetry axis. Since both regions involve large 7, it is useful to look at the
asymptotic forms of the functions, Hs, H, o1, 03 and A, for large . From (3.1), (3.2)
and (3.3)-(3.6),

H,=8p " [1+8°q°p *n " +38%¢°p *(—-p*+8°p* +28%¢"m ™ *+. . ), 8.1)
H,=8qp ' [1+8°p *n ' +38°p *(=p*+8%p* +48%¢H)n *+. . ), (8.2)
o =8 'n 1+8%¢°p 0 +18°q7p {(=3p  +38%p  +48%¢ ) +. . ], (8.3)
=8%qp T n 1 +5p T (~p+8°p>+26%¢ ) 1+, ], (8.4)

A=1-28p ' n 12 428%p Iy +38p (PP —48°p> - 667" *?
—38°p 74 (p*-28%a"m P+ ... (8.5)

These power series in 7" or /2 all converge for n > no.

Consider the third-order F equation with y as independent variable and x held
constant. This is equation (7.15) with (p, 7)= (y, x) and ® and ® given by (7.22) and
(7 23). Now the points where the x = constant curves (x* # 1) cut the symmetry axis,
y>=1, are ordinary points of this pE. This is obvious since

0->48%¢°p (x> - 1), ®->-88¢°p x(x>—1)73, (8.6)
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as y>- 1. The boundary conditions on the equatorial plane, y =0, are

Fi=A+AQa3-20:Hox " )y> +0(y?), (8.7a)
F> =20,y +O(y?), {8.7b)
Fi=A"'+A"'Qa3+20:Hax y? +0(y*), (8.7¢)

where the argument of A, o, and H, is nat (x>~ 1)/(1 —y?) but x*— 1.
Now take x large and neglect terms of O(x ) or less. The F equation simplifies
drastically. It becomes

Fyy +[2p 2y(=2p* +268°p* +368°q°)F,, +p *(-p*+8°p*+68°¢*)F,]x >+ 0(x ™) =0.

(8.8)
The three solutions are
Fi=1+28p  'x ' +28%p 2x 2 +38p [ p2+286°p* +386%¢°(1 — y)x >+ O(x %),
(8.9a)
F,=28%p 2yx 2+ 0@ ™), (8.95)

F3=1-28p 'x 7' +28%p *x ?=36p [p>+28°p* +38°¢°(1 —yHx >+0O(x*). (8.9¢)

The terms up to O(x %) in these formulae are precisely the boundary conditions at
infinity for the F equation with x variable, y constant. Clearly, F}, F, and F; exhibit the
correct asymptotic behaviour for a solution of Ernst’s (and hence Einstein’s) equations
which is asymptotically flat and has symmetry axis free of the ubiquitous line singularity.

From (8.9), (4.1) and (2.3), asymptotic forms may be written down for u, ¥ and w.
Convert to the spherical-like coordinates (p, 8) defined by (2.7). Also, replace « by m
according to

k=mps~". (8.10)

The results are:

u=-mp ' +im>872(26°¢* —p*)BGcos* o —Dp T +. .., (8.11)
w==2m2qcos 8(p > =2mp3+..)), (8.12)
w=-2mqsin’ 6(p ' +mp +...) (8.13)

Comparing with equations (2.10), we discover the following physical identifications for
the parameters, m, g and §:

mass of source = m, (8.14a)
angular momentum, J = m?q, (8.145)
quadrupole, Q = m’[q*+3p*(1-1/87)). (8.14¢)

(8.10) and (8.14) are in direct agreement with Ts (1973). (At this stage, the additive
constant 2«x8qp~" in formula (4.19), which occurs also in (4.20) and (6.5), may be
verified by considering equation (4.20) or (6.5) for large x or p.)
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9. Simple closed formulae on symmetry axis

We know already that the solution is well behaved on the symmetry axis because Fi, F»
and F; are analytic functions of y at y = +1, for x > 1, and have the correct asymptotic
forms. But the metric and Ernst potentials actually take very simple functional forms
on the symmetry axis.

Consider the F equation with x as independent variable and y constant. The
equation is (7.15) with (p, 7)=(x, y) and ® and & given by (7.20) and (7.21). The
boundary conditions at x =0 are given by equations (8.9).

Next, restrict attention to the symmetry axis. There y is constant, infact y = +1, and
x varies alongit. Asy- =1,

0-48°p (x> - 1)7?, ®-+88%qp*(x* - 1) 9.1)
Hence the F equation simplifies to

6x 6x>—2—-48"
Fxxx+ Fxx+ * Fx=0. .
2 1 (x2 _ 1)2 (9 2)
This is of hypergeometric type but may be integrated with elementary functions since
x =0 is an ordinary point. The solutions satisfying the boundary conditions (8.9) with

N
Free (52222 )
Frehlnl0) ea-pfEY -ar]

The formulae (9.3)-(9.5) and many similar formulae take more convenient forms
using the coordinate

{=In[(1+»)/(1=»)]=In[(x +y)/(x = y)]

which when y = £1 becomes
{==In[(x+1)/(x—-1)].

Considering y = +1 only, exact expressions for the metric and Ernst potentials and
some other functions and some of their normal derivatives on the symmetry axis are:

e = p*(cosh 8¢ +p sinh 8¢ —q*) ", (9.6)
¥ = —2q sinh® 38/ (cosh 8¢ + p sinh 8¢ ~¢*)~*, 9.7)
€ = (p* - 2iq sinh® $8¢)(cosh 8¢ + p sinh 8¢ —¢?)™! (9.8a)

= (p*+2iq sinh® $87)"*(cosh 8 — p sinh 8¢ — ¢°), (9.8b)
£=p coth38¢ —igq, (9.9)

lim (1~ y3) 'w = —k8qp~>(cosh 8, +p sinh 8¢ — 1), (9.10)
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cosh 6 +p sinh 8{ —1

2.2 -2 21
_ 1 , 9.11
Uy =8%q P T sinh A S +p sinh 6L~ ©.11)
2 . 121 sinh 6 +p cosh 6¢
=— 1 9.12
¥y =—28"pq sinh” 3¢ (cosh 2+ p sinh 80 — " (9.12)
e =1, (9.13)
p  sinh 8¢ +p cosh &¢ p qe¥+1-p
= = 9.14
Mo 1+q cosh8¢+psinh 8¢ —q 1+q qe*—1+p’ ©.14)
_ 2(1-9) _4d-p)i-g)e* 9.15)
°cosh8¢+psinhdf—q (qe*—1+p)’ :
q cosh 8¢ —1 q qe*-1-p
_ - , 9.16
Jo coshd/+psinhdf—q 1+pqe*—1+p (9.16)
K1 =cosh38{ +p~'(1—¢€iq) sinh 38¢, (9.17)
K> =¢€icosh 36¢ —eip~'(1 +€iq) sinh 386¢. (9.18)

(3/0y implies that x is held constant.)

These and many other similar formulae are very easy to derive. For§=1, 2, 3, 4,
they are in agreement with the results of Tomimatsu and Sato (1973). Formula (9.14)
with 8 = 1 and formulae (9.17) and (9.18) with § = 1, 2, 3 also agree, respectively, with
(4.22) and the tabulated forms of K; and K, in the appendix when y=1. The
corresponding formulae for non-zero NUT parameter are just as easily derived.

10. Series solutions for the H, and K equations

In this section, we shall investigate methods of solving the two differential equations,
introduced in § 3, for Hy and K, and discuss some of the properties of their solutions.
Since for & not an integer, the solutions involved are unfamiliar transcendental
functions, we consider series solutions whose convergence is quite rapid, even in the
highly curved inner regions not too close to the singular surface n =0 (or x = 1). These
methods are applied in § 11 to the cases when & is an integer to give very efficient
methods of calculating the rational function solutions exactly.

10.1. The Hy and T equations

The second-order second-degree equation (3.1) for H, is analogous to an Appell
equation. If (3.1)is differentiated, a factor Hj giving rise to three singular integrals can
be removed leaving the third-order first-degree equation:

n*(L+nYHY +n(1+n)(1+20)H{+6n(1+7)HY
—4(1+2n)HHy+2H;+48°nH,— 26°H, = 0. (10.1)

This equation, though still non-linear, has many advantages over (3.1). (Note: the

singular integrals of (3.1) and (3.14) give rise to a class of static Weyl metrics which

contains the Zipoy-Voorhees metrics.) The boundary condition (3.2), when applied to
(10.1), still uniquely determines the one-parameter family (for fixed 8) of solutions.
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One method of solving equation (10.1), though not the most powerful, is to seek
power series of the form,

Hy=8%p > +ain "+am™>+..., (10.2a)
or

Hi=8p 2 +b(1+n) "+ by(1+n) 2 +. ... (10.25)

The method is straightforward, so details will not be given. The series (10.24) and
(10.2b) converge outside circles, centres n =0 and n = —1, respectively, in the complex
7 plane. These circles are the smallest such that H, is analytic everywhere outside them
and must have at least one singularity on their boundaries. It is shown at the end of this
subsection that the only singularities of Hy4 are branch-points at n =0 and n = -1,
requiring the n plane to be cut from n = 0 to n = —1, and simple poles corresponding to
the zeros of I'. In general, the circle of convergence has radius unity or passes through
the real simple pole n = 7o, representing the outermost infinite red-shift surface. Inthe
latter case, the rate of convergence is comparable to a geometric series with common
ratio mo/mn or (1+mn0)/(1+n), respectively. Similar series expansions may be con-
structed for the function I', singular only at n =0 and n =—1, using the pE (10.5),
below. Though the recurrence relations for the coefficients are qualitatively similar to
those for H,, they are more cumbersome,

A second method of solving (3.1), which we shall describe in detail, is much more
powerful and elegant. Itis a perturbation expansion of the function I'(n) in ascending
powers of g*p~> which is by no means restricted to small g and is valid in the highly
curved regions not too close to the singular surfaces n = Oor n = —1. Two advantagesin
the use of ['(n) rather than H,(n) are that " is analytic for all n except n =0and n = —1
where it has branch-point singularities (§ # integer) and reduces to a polynomialin 1/
when & is an integer.

From the definition (3.7) for I,

H,=8"+n(1+n)I"/T. (10.3)

The two DE for Hs, (3.1) and (10.1), may now be converted to homogeneous De for I,
one third order and second degree, the other fourth order and first degree. They are:

7 (1+7) (T = 6IT'T'T" + 47" = 311" 4+ 4TT")
+an(1+n)A +20)T 0T -TI' T+ T - TT21™)
+4(1+ 20 TT" =TTT") + 4n(1 + )T = 2TT2 " + T
+4(1+20)QITT =TT+ 4T - 48*[(1 + n)T2T"2 = 2T T2 + T'%)
+Q2n 4 3)IPTT =TT+ 2(1 + 29T = 0, (10.4)
n°(1+ 0 IT™ = 4I'T" + 31"+ 4n(1 + 7)1+ 29)TT" =T'17)
+[2+ 147+ 147> —48° 1+ )T +[—4n (1 + )+ 48> (1 + )2
+[2+44n-8%4n ' +6)IT =0. (10.5)

Very similar DE can be written down for n°°T". The boundary condition for I at n=0is

F(n)=1-8%¢p 0" +0(n7?) as 1 - 0. (10.6)
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We shall regard T as a function of two arguments, n and g°, and write
T'=T(n, q%).
Now express I in the form of a power series in g°p %
T(n,q*)=To(m)+q’p " Ti(m)+q°p " Ta(m)+. . .. (10.7)

We shall find that all the coefficients, I'o, I';, 'z, . . ., can be expressed in terms of known
functions and quadratures, though the recurrence relation is rather complicated.
Consideration of the series (10.2) shows that

To(n)=1 (exactly), (10.8a)
Ti(n)=-8>n""+0(n?), (10.80)
I.(n)=0(n"?), (atleast), n=2. (10.8¢)

These conditions uniquely determine the coefficients in (10.7). Now, differential
equations for I';(n) may be obtained by substituting the series (10.7) into (10.4) and
(10.5) and looking at the coefficients of ¢*p ™ in (10.4) and ¢°p~* in (10.5). Actually,
the general solution of these DE, not just that one obeying (10.85), is most important.
The result will therefore be expressed as follows:

v=Ti(n) (10.9)
is a particular solution of both of the pE,

[n(1+n)"+2(1+2n)v' +20]°

=487 [(1+ )+ 20~ +3)vo' + 7 2(1+ 2007, (10.10)
N2 +n) 0" +4n(1+ )1 +2n)"+[2+ 14 + 140> -48°(1 + 7)o’
+[2+4n-6°4n " +6)jv=0. (10.11)

(10.10)is an Appell (1889)equation and (10.11)is a linear Fuchsian equation but not of
the ;F, hypergeometric type. If (10.10)is multiplied throughout by n°(1 + n)* and then
differentiated, a singular integral may be factored out leaving the linear equation
(10.11).

The three linearly independent solutions of (10.11) are the foundation stones upon
which the whole series (10.7) is constructed. To solve (10.11), convert the Appell
equation (10.10) into a second-order linear equation (for the general algorithm, see
Cosgrove 1977a). Thus

v=8"nl+n)w?=86*n""w? (10.12)
where
1+2n 5?
A+ TRl
The boundary condition (10.8b) requires
w=n""+0(n"?) as 7 >, (10.14)

"

0. (10.13)
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Now (10.13) is of hypergeometric type. It has general solution,

w=c,W+c, W* (10.15)

where
W=n'2F(1+6,1-6;2;-7"") (10.16a)
=367 (Ps(1+2n7 ) - Ps_1(1+2071), (10.165)
W*=-8(Qs(1+2n" )= Qs-1(1+277 ). (10.17)

The functions, Ps() and Qs(u), are Legendre functions of order 8. Qs(x) is the
Legendre function of the second kind. Ps;(u) is the Legendre function given by
Murphy’s formula and is uniquely defined by requiring it to be analytic at x =1 and
Bs(1)=1. If § is an integer, this is the usual Legendre polynomial, Ps(x ). If § is not an
integer, it is related to the Legendre function of the first kind, Ps(u), as usually defined,
by

Ps(u)=Ps(u)+ 7" tan(8m)Qs(u).

The particular solution, w = W, corresponds to the boundary condition (10.14). If é
is an integer, this is a polynomial in 7" of degree 8. If & is not an integer, it is analytic
(simple zero) at = o©, but has logarithmic branch-points at n =0 and n = —1. W* has
a logarithmic branch-point at n = 0. W and W* satisfy the important identity,

WW* - W*W' ="} (1+n)"" (10.18)
From (10.12) and (10.15), the general solution of (10.10) is

v=ciV+2c10, V*+ iV (10.19)
where

V=58 n1+n)W?*-6%"'W? (10.20)

VE*=8n(1+n)WW* -8 'WW*, (10.21a)

V** =801+ n)W*?—§*n 1 W*2, (10.215)

These are the three linearly independent solutions of (10.11). T'i(n) is given explicitly
by

Fl(n)=—f V(n)dn (10.22a)
=d|  Ba)Phr()~ Poos ()P dis (10.225)

This quadrature cannot be expressed as a simple quadratic function of W and W’ or P;
and P;. If 8 is an integer, I';(n) is a polynomial in n ™" of degree 26 — 1.

The problem of finding I'2(n), I's(n), . . . is more complicated. We shall outline the
general algorithm for finding I'»(n) in terms of I'y, T, ..., ,-;. The recurrence
formula involves only quadratures and will be expressed in a form free of the unwanted
Legendre function of the second kind or, equivalently, W*. As an illustration, I'(n)
will be obtained explicitly.
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Substitute the series (10.7) into (10.4) and (10.5). The coefficients of g°p~° in
(10.4) and of g*p™* in (10.5) give the following inhomogeneous DE for T',:

M(T2]=[n*(1+n) V' +20(1+0)(1+20)V +2n(1+n)VIT
F2nA+ )1 +20)V'+4(1+27)* V' —48*(1+9)V' +4(1+20)V
-2872n T +3) VIS +2n(1+n) V' +4(1+29)V'
—28%(2n 1+ 3)V' +4V—48°n"(1+20) VI
=021+ [BVV V' =2V ]+ 201+ n)1 +20)[VV? + VI V']
+[2+120+1202 4821+ )] VAV +[2(1 +21)-28° (20 +3)] V3,

10.23
NE=n 1+ 0TS +4n(1+ )1 +20)TY +[2+ 140 + 149> - 481 + )T, ( )
+[2+4n—6%4n ' +6)II%
=n*(1+7) ' [4VV' =3V +4n(1+n)1+29)VV'
+[4n(1+7)-48°(L+7)] V2. (10.24)

(10.24) is an inhomogeneous version of the DE (10.11) which has solutions, V, V* and
V**, (10.23)is a linear equation of the second order for I'; and must be a particular first
integral of (10.24).

Similarly, the differential equations for I', take the form,

MT7]=Gn(m), (10.25)
N[To]=Fa(n). (10.26)
F,(n)is a homogeneous quadratic polynomial in I, I's, . . ., I',—; and their derivatives
up to the fourth order. G,(n) is a quartic (n =3) polynomial in ', I'5,..., I',—; and

their derivatives up to the third order. For n = 3, F, and G, are not expressible directly
as polynomials in V and its derivatives, but must involve the quadrature sign. (10.8¢)
expresses the boundary condition for I',. In actual fact, however, I, starts with the
power "’

We shall not solve equations (10.25) and (10.26) by the standard variation of
parameters algorithm. Instead, we shall give integrating factors so that the order of the
DE can be reduced by taking quadratures. This has the advantage of avoiding the
appearance of V* and V** (or, equivalently, W* or Q;)in the final formulae. First, note
the relationship between (10.25) and (10.26):

(d/dn)[n*(1+ 1)’ G.(n)]
=’ +n) V' +2n(1+0)1+27)V' +2n(1+n)V]F,(n). (10.27)

If G, and F, are replaced by #(I",] and N[I,], respectively, then (10.27) is identically
satisfied by I',. Now let

A=VV¥ - VFV' =871 (1+9) ' WW'
=-38"n7'(1+0) [n(1+ ) V' +2(1+20)V'+2V], (10.28)

where (10.10), (10.11), (10.13) and (10.18) have been used. Now n2(1+7)’A is an
integrating factor for the pE (10.26). Hence, making use of the relationship (10.27) and
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identifying the constant of integration by (10.8¢), we obtain the first integral of (10.26)
in the form

+ 2-48*(1+
AF:;’—AT,’:+(A”+4(1+2")A'+2 14n+124n 25 ( n)A) r
n(l+n) n°(1+7)
52
=——s— . 10.29

Now the homogeneous equation #[v]=0 has linearly independent solutions, v =V
and v = V* but not v = V**_ So an integrating factor for (10.29) is A™>V. Hence,
taking the integral with appropriate constant of integration yields

VIi- V=188 [ 570+8) A EHVEIG ) ¢ (10.30)
n

It is now straightforward to obtain I',, explicitly by two more quadratures.
As an illustration of this formula, consider the case n = 2. G,(n) is the right-hand
side of equation (10.23). In terms of W, it s

Ga(n)=28"nTWe+28 0 2(1— )W W' =28 [1+8*(1 +n HW*W"?

=281+ )R+ )W W>+28%n(1+7)(n -6 )W W™

+28%02(1+ )Y’ (1 +2n)WW"? +28%0°(1 + ) W, (10.31)
The integrand of (10.30) involves fractions but these can easily be removed by
integrating by parts. Remaining in the integrand is a homogeneous quartic polynomial

in Wand W'. It is not possible to express the integral of this as a quartic polynomial of

the same type, but it can be simplified to a single term by integrating by parts with the aid
of (10.13). The result is

VIS — V=V =8W*W?2 -85 (1 + n P W*W"*
—468n‘1(1+n)“WW’J A(1+HR+DWEHW @I d4. (10.32)
n

There is no point in carrying out the next two quadratures as the final formulae do not
simplify. If & is an integer, ['2(n) is a polynomial in ™" of degree 48 —4 with lowest
power n~*.

Now, (10.30) is a very complicated recurrence relation for the coefficients T',, of the
series (10.7). For n > 2 and & not a small positive integer, calculation of T, is extremely
laborious. But, for n not too small, convergence is extremely rapid. This follows from

Tu(n)=kan " +0(n~"7") as n - o, (10.33)
where the coefficient k,, is given by the quite remarkable formula:

6»1(52_ 1)n—1(52_4)n—2(52_9)n—3 L [52_(’1 _1)2]>2
nn(nZ__ l)n—l(n2_4)n—2(n2__9)n—3 . [n2_(n _ 1)2]

k, = (—1)"( (10.34)

For n » §, k, has asymptotic formula:
|kul ~ &(8)(sin 8 )2 2181, 28213 y2np—4n2 (10.35)
where ¢(8) depends on § only.
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Actually, the series (10.7) converges for all finite real and complex values of qa’p
uniformly with respect to # in the complex 7 plane with an open neighbourhood of the
line segment from n =—1 to n =0 removed. Since (10.7) is a power series in g°p >,
then convergence for ¢°p~>=—1 implies absolute and uniform (with respect to 7)
convergence for all complex values of g”p~? in the circle lg’p%|< 1. The case g°p > =
—1 (i.e. the limit g> » ) may be summed explicitly:

1=Ty(n)+Ta(n)=Ta(m)+...=(1+1/9)". (10.36)
This interesting formula is a particular case of the very useful identity,
T(n, ¢")=(1+1/n)"T(-1-n,1/4"), (10.37)

which is easily proved by direct substitution into (10.4) or (10.5) and the boundary
condition (10.6). But now, since I'(n, ¢°) is an analytic function of ¢*p > for |¢°p %] < 1
and n not on the cut from —1 to 0, then (10.37) shows that the region of analyticity may
be moved to the circle |g>p >+ 1| < 1. But then I'(n, ¢*) must be an analytic function of
q°p 2 for |¢°p % < 2 because of the form of (10.7). Repeating this argument, it is seen
that I'(n, ¢°) is an analytic function of gp > for all finite complex values of g°p > and an
analytic function of n in the complex 7 plane (including n = o) cut from —1 to 0. Note
also that (10.37) is useful in the calculation of T" for large q.

10.2. The K, L and F equations

In this subsection, 7 is treated as a constant parameter. We shall assume that the values
of H4, H,, o, and o for the particular  under consideration are known.

The differential equation (3.8) for K = K‘)(», 1) is a linear Fuchsian equation with
five regular singular points. They occurat v =1, ~1,in" "%, ~in~"?and —eioa(noy) "
v =00 is an ordinary point. Thus it is one step more complicated than Heun'’s equation
(Heun 1889, Snow 1952, Sleeman 1969). The Riemann P-diagram for this equation is

1 -1 in7V% —ip7V? —eios(noy) ™!
K=P{~%6 -6 0 0 0 V} (10.38)
6 8 3 2 2

In the classification of Ince (1927), this equation is of type [2, 3, 0], meaning it has two
elementary singularities (exponent difference = 3), three regular singularities (exponent
difference #3) and no irregular singularities.

The fifth regular singular point is interesting. The exponent difference is 2, an
integer, but it is easy to show that both linearly independent solutions are free of
logarithms at that point. Such a regular singularity is known as an ‘apparent’ singularity
(see Ince 1927). Any Heun equation with an ‘apparent’ singularity may have that
singularity removed so that the general solution is expressible in terms of hypergeomet-
ric functions (see Cosgrove 1977b). However, there does not appear to be a similar
algorithm which will reduce a Fuchsian equation with five regular singularities, one
‘apparent’, and one arbitrary accessory parameter, such as (3.8), to a Heun equation.

Solution of equation (3.8) is accomplished by the well known method of power
series. It is not necessary to give details of this method here because it may be found in
any textbook on differential equations. Power series in v -, involve five-term
recurrence relations if v, is one of the regular singular points and six-term recurrence
relations otherwise. Further, power series in (¥ — )/ (¥ — v,) may be constructed and
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involve four-term, five-term or six-term recurrence relations depending, respectively,
on whether both, one or none of v¢ and v, are singular points. Unfortunately, the most
important case, vo = 0 where the boundary conditions (3.9) are directly applicable, is an
ordinary point. The regions of convergence in the complex v plane for such series are
the interiors or exteriors of circles and contain no ‘non-apparent’ singularities apart
from vy itself. For example, when n > 1, the power series in » converges for —n~ "2 <
(real)v < n~'/%;i.e. convergence is restricted to the region, 0<y><x*/(2x*—1), x> 1.
This difficulty may be avoided in the upper half space, y >0, by considering power
series in »/(v—w,), where —2/(n—1)< v, <0, and similarly in the lower half space,
y<0,with0<py;<2/(n—-1).

The K equation has several drawbacks. First, power seriesin v or /(v — v;) require,
in general, six-term recurrence relations rather than the optimum four. Second, the
region of convergence of any one series does not cover the entire region of interest,
x>1, -1<y<1 (for y==1, see §9). Third, the singularity at v = —eio2(no;) " is a
fairly innocuous manifestation of the ‘R singularity’ but does interfere, to some extent,
in discussion of the asymptotically flat outer regions. Fourth, the equation conceals the
symmetry property evident in equations (3.11q, b) and (3.12). This last symmetry
property may be exploited to choose a new dependent variable. There is much freedom
here, but the following eight choices seem to be optimum. Lete ==*1,e;=£1, e, = £1
independently and write

. 172 12
1-eexin/ V)1/4K<e)+e (1+€€zln / V)“[{(—:)

—7 N7
1+E€217]1/2V 1~eezm1 %

L=L&%%= ( (10.39)

For K =K, or K,, L is either an even or an odd function of ». The DE for L is in
independent variable x = »* and is

1 1 1
Lw+<—+ +—0 )Lu+

_ _(+n)oi+n’aip)
2u w1 1+mp u-k

{ 4u(l—p)’(1+nu)
_1_) 1’]0‘1+€21’)1/202
(1-w)1+nu)

+%53(1+n)1/2< o
uw—k

2
1 (3eam'?  H, \?
+——(ﬁ—+—2) ]L=O, (10.40)

4u\l+nu 1-pu

where

k= k(n)= %52171/2+H2+e3(1+17)1/202
= (7))'—1 172 372 72+
3€2m nH,+eze3n” ' “(1+1)"“0y

This DE is of Ince type [3, 2, 0]. Its Riemann P-diagram is
-1

0 © 1 -9 k()
L(¢,52.€3) — P{O 0 _%8 —% 0 /‘L} . (1042)
1 1 1 1
2 2 36 4 2

The quadratic transformation, w = »?, caused elementary singularities to appear at
u =0, co. The regular singularity at 4 = k is again ‘apparent’. If this singularity were
absent, the DE would be equivalent to Lamé’s equation (see, e.g., Arscott 1964). Thus
L is qualitatively very similar to a well known special function, Lamé’s function, but the
recurrence formula for the power series in u has four terms rather than three. Power
series in /(1 + nu) require the optimum four-term recurrence relations and converge

(10.41)
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rapidly throughout the region, x > 1, —1 <y <1, except near the poles, x =1,y = +1, of
the singular surface, x =1. Note also that (10.40) is manifestly free of the ‘R
singularity’.

The inverse of equation (10.39) is

KO (1 +€€zi(w)l/2) 1/ [_Eium(l —p)(1+np)
1-eesi(nu)'”? I —k)
eesi(1+n)*(nor+e2n' o)
Hu—k)

where | = I(n) is the denominator of k(n) in the expression (10.41). The boundary
conditions on L are most conveniently expressed in the following way. If

L,

1/2

+%(1+ )L] (10.43)

L=ao+au+au’+..., (10.444a)
then, from (10.43),
1 (e) .
() _ anKl lf€3=+1 10.44p
K {—%eiaoK(z‘) if e3=~1. (10.448)
If
L=u'?bo+bipu+bop*+...), (10.45a)
then
SboK 5 if e3=+1
(e) 200482 3
= 10.4
kIK {%eiboK(f’ if e3=—1. (10.456)

These results, together with (4.2), allow the Ernst potentials to be calculated.

On the infinite red-shift surfaces, six of the eight L“*>**’ reduce to Lamé functions,
being related in a very simple way to the function K satisfying (4.26). The two cases,
€ =x1, e2=¢€3=—1, are different and give rise to different Fuchsian equations, types
[2,4,0)in » or [3,2,0] in u.

A disadvantage with the use of L is that the relationship to the Ernst potentials is
somewhat remote. Here, the F equation, (7.3) or (7.6), is most attractive. The Riemann
P-diagram for (7.6) is

1

0 © 1 -0 en)
00 -8 0 0
F=P¢, | - LK (10.46)
2 2 2
1 1 5 3 3

# =e is an ‘apparent’ singularity which causes no trouble. Some of the other exponents
differ by unity but do not give rise to logarithmic solutions. Power series in x and
w/(1+nu)involve five-term recurrence relations, the latter converging throughout the
region, x > 1, —1 <y <1, as for the function L.

11. The cases when § is an integer: Tomimatsu-Sato solutions

The methods of the previous section allow us to construct the rational function cases, §
an integer. The polynomials I'(n, ¢°) have so many remarkable symmetry properties
that they are worthy of study in their own right by pure mathematicians. The symmetry
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properties are also important because, with their aid, we can greatly reduce the number
of applications of the recurrence formula (10.30). Many of the properties of these
polynomials are given without proof.

In this section, in preference to I'(n, ¢°), it is convenient to use

T(n, ¢)=p*n"T(n, ¢ (11.1)

which is a polynomial in n of degree 8> and in g° of degree 8.

Consider, first, the K or L equation when 6 is an integer. A glance at the Riemann
P-diagrams, (10.38) and (10.42), shows that the regular singularities at 4 = »* =1 have
exponent difference 8, an integer. But no logarithms occur in the solutions at u = =1
(see, for example, the tabulated forms of K; and K for § =1, 2, 3 in the appendix). In
fact, the general solution of (3.8) takes the form:

K=(1- Vz)'“ (polynomial in » of degree &)

+(1=- %1+ n®)"? (polynomial in » of degree 5 — 1). (11.2)
But the freedom from logarithms condition at u = »” =1 is not satisfied identically by
the parameters in (3.8) but leads to a new relation among H,, H,, o, and 0. This may
be re-arranged to form a first-order DE for H; whose form depends on 6. This DE is a
first integral of the second-order H, equation (3.1) and is precisely that unique first
integral which admits the boundary condition (3.2).

For 6 =1 (Kerr solution), the condition that the K and L equations are free of
logarithms at 4 = »* = 1 may be reduced to

n(1+n)Hs+Hi(Hs—1)=0. (11.3)

This is a Bernoulli equation for H, which may be readily integrated to give Hs=
n(np>—q*)~". Changing dependent variable to T by (10.3) and (11.1) gives the simple
linear equation,

I"=0. (11.4)
For 6 =2, the freedom from logarithms condition is
(1 +n) HZ+2n(1+n)[Hi+(2n—3)H+2n°—2n +2)H}
+Hy(Hs—4)(Hs+2n -1 =0. (11.5)
In terms of T, this equation becomes an Appell equation,
2 1+ )T —4n1+ )+ 20T +4(3n* +3n + DIT"+ 129 (1 + )2
—121+29)T'=0. (11.6)

On dividing (11.6) throughout by n(1 + n)?, then differentiating and factoring out the
singular integral, there results

n(1+mI"=2(1+29)[" +6I" =0, (11.7)

This equation is of hypergeometric type and is easily solved to give the quartic
polynomial tabulated in the appendix (equation (A.2)).
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Now write
T(n,¢*)=p*To(m)+p*° ¢’ Ti(m)+p** *q*Ta(m)+. . . +p°q** Ts-1(n)+q*Ts(n)
(11.8)
so that
To(m)=n", Ts(m)=(-1)", La(m)=7"Ta(n).

Notice that the two linearly independent solutions of (11.4) are ['o() and I';(n) and that
the three linearly independent solutions of (11.7) are To(n), [1(n) and T'»(n). This
pattern continues. The freedom from logarithms condition leads to a second-order DE
for I' which is a generalisation of Appell’s equation in the sense that the general solution
takes the form (11.8) with p® and q° regarded as independent. By successive
differentiation and removal of singular integrals, a linear equation of order 6 + 1 may be

obtained. This equation has 'o(n), [1(n), . . ., Ts(n) as linearly independent solutions.
The case § =3 is given by

22+ ) T =8n(1+n)1 +2)"+14(1 + T+ TP —112(1+29)"=0. (11.9)

For all § =2, these linear equations are of Fuchsian type with exactly three regular
singular points occurring at n =0, —1 and o0, but, except for 8 = 2, they are not of the
generalised hypergeometric type.

The pE (11.4), (11.7), (11.9), etc, may be obtained with much less labour directly
from their Riemann P-diagrams because the exponents at the singular points obey an
amazingly simple rule. The Riemann P-diagram is

o -1 0
0 0 -8°
12 17 -8*+17

F(n)=P 22 22 _§2492 n.

(11.10)

5 8 0
This diagram does not quite uniquely determine the linear equation of order 8 + 1 for I
because of arbitrary accessory parameters (see, e.g., Ince 1927). But more than enough

information is available when the highest and lowest powers of 7 in the polynomials,
I'{n),n=0,1,...,8, are known. They follow the very simple pattern:

Fa(m)=kan® ™+, +1,0®™, (11.11)

where k, is given by (10.34) and /, = (_—1)5k6_,,.
A glance at the tabulated forms of I' in the appendix for § = 1, 2, 3, 4, 5 reveals the
simple symmetry property,

T(n, ¢*)=(=1)’n*’T(1/n, p?). (11.12)

This is equivalent to ‘rule (¢)’ of Tomimatsu and Sato (1973). It is, however, true only
for the cases when & is an integer. If 8 is not an integer, the right-hand side of (11.12)
satisfies the DE for I but not the boundary condition (7.6). Another symmetry property,
true for all 8, is given by (10.37). It may be written

T(m, q*)=q*T(~=1-n,1/4%. (11.13)
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(11.12)and (11.13) lead to three more symmetries for the cases when 8 is an integer:

T(n, ¢")=(-1’p*n*T(-1-1/n,1/p*), (11.14a)
T(n.q)=q**(1+n)"T(~1/(1+n), -p*/q*), (11.145)
T(n, q*)=(=1°p*(1+n)"T(=n/(1+n), -¢*/p"). (11.14¢)

The last of these is a manifestation of the identity, Ps(—u)=(—1)°Ps(w), for Legendre
polynomials (recall that uw =1+4+2/% in equations (10.16f) and (10.22b)). These
symmetries form a finite group of order 6.

These symmetries lead to useful identities among the coefficients of (11.8). (11.12)
gives

L.(m)=(=1’n"Ts_n(1/7). (11.15)

By expanding both sides of (11.13) and comparing coefficients of powers of 1/p?, we
obtain a sequence of identities. The first, second and (n + 1)th of these are

A+ =" -Tim+Ta(m)—. . .+ (1) Tour(m)+1, (11.16)
DTi=1-n)=-Tim)+202(m)=3Ts(m)+. . .+ (-1 (6 - Dlsoa(n)+6, (11.17)
D Ta(=1=m)= 1) Ta(m)+ " Ca(= 1) Tis () + "2 Ca (= 1) Tz () +. . .

+871C, (-1 Ts_i(m)+2C,, (11.18)

where "C, is the binomial coefficient r!/(r—n)!n!.

Now the most efficient method of calculating the polynomials T, () in (11.8) makes
use of the identities, (11.15)and (11.16)-(11.18), the form (11.11), the explicit formula
(10.22) for Ty =75"%T; and the recurrence relation (10.30) used as few times as
possible. To calculate T'(n, ¢°) for a particular 8, first decide by trial and error the
integer n (roughly, n=3(2-1)8=0-218) with the following property. Consider
the § —2n—1 polynomials, T'yi1, Thsa, ..., Ts—n_1. (11.11) allows several of these
polynomials to contain the same power of . Let m be the largest number of these
polynomials which contain the same power of . Then make 2n+1=m with 2n+1 as
close as possible to m. Itissufficient now to compute Iy, T,,..., T, fromtherecurrence
relation (10.30). Thenonly Tpry, Thsa, . .., Tys or Ty s-1)remain to be determined. Let
these be polynomials with undetermined coeﬂ‘ic1ents subject to the restrictions (11.11).
Next, substitute into the first n + 1 of the sequence of identities (11.16)-(11.18). These
identities will furnish enough equations to determine all of the unknown coefficients.
Indeed, in most cases, some of the coefficients are overdetermined and, if m is even,
they all are. So the method also provides a way of checking for errors in the expressions
found for Ty, ..., T,

If T'1(n) only is computed from (10. 22), then I'(n, ¢%) can be fully constructed by the
above method for1<8=<7. IfT1(n)and [;(n) are computed from (10.22) and (10.32),
then T'(n, ¢°) can be constructed for 1<8<12. At this stage, the polynomials are
becoming quite large—the middle coefficients in (1+7)*** are of the order of 10%2.

Another interesting property of the polynomials I'(n, ¢*) is that the functions H,, o
and o, whose definitions involve square roots, are rational functions of  with I" as
denominator. Also A(n) is a rational function of (1+7)"2 Splitting A into its
numerator and denominator,

A=3,/3,, (11.19)
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we have the following remarkable identity:
=23 (11.20)

Thus the zeros of T are either zeros or poles of A, as already noted in § 4. The functions,
H,, H,, 0, 03, 2, and Z,, are tabulated in the appendix for § = 1, 2, 3. Several more
symmetries are evident in these formulae.

To complete the calculation of the full metric and Ernst potentials, once T, H,, H,,
o1, 02 and A are known, is much more straightforward. (11.2) shows the form of the
solution of the K equation. The labour is comparable if the F equation is used. The
form of the general solution is:

F=(1-v%)"%(polynomial in » of degree 28)
+(1=23"%(1 +nv*)"*(polynomial in » of degree 26 ~ 1). (11.21)

Recall that F; and F; are even in v, F, is odd in ».
It is of considerable mathematical interest to note that there are series of non-
transcendental solutions even when h # 0. They occur not for § an integer but for

(8°+2h)*=integer and  (8§>-2h)"?=integer. (11.22)

We shall not discuss these solutions here but will be content with presenting the solution
of the T equation explicitly for the two simplest cases. Let €, = +1 and define ' = °'T’
where I is defined by (10.3) and H, satisfies (3.14). Then

82=1-2esh > T=p*n*®P—g*pP®", (11.23)

=4-2e,h > T=p*n*®" =p°g’n " (4 —desh)n> + (6 — 8esh)n’ + (4 —desh)n]

4, B(&h)
b

+qn (11.24)

where a(8, h) and B(8, h) are the two roots of the quadratic,
x*=8’x+h*=0.

These obviously reduce to the formulae (A.1) and (A.2) of the appendix when 4 =0.
Likewise, the K and F equations may also be solved with elementary functions. In
addition, the Ricatti equation (5.15) for u«(n) may be solved with elementary functions.
However, the final formulae for the metric and Ernst potentials are much less compact
than the corresponding formulae for 4 = 0.

12. Conclusions

The three-parameter family of solutions of Einstein’s equations described in the
preceding pages is exceedingly complicated when § is not an integer. The metric
coefficients and Ernst potentials are constructed from two functions, Hy(n) and
K®®@, n), satisfying second-order ordinary differential equations in independent vari-
ables n and », respectively. The K equation is a linear Fuchsian equation and involves
Hy(n)and some closely related functions of n as constant parameters. A knowledge of
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the function Hi(n) alone is sufficient to construct all the metric coefficients on the
equatorial plane and the metric coefficient e>” everywhere. On the infinite red-shift
surfaces, n = 7, etc, the functions, K “)(y, no), etc, are familiar transcendental func-
tions of », depending in a simple way on Lamé functions. On the symmetry axis, the
metric coefficients and Ernst potentials take very simple functional forms.

It was found necessary to set up some mathematical preliminaries in order to prove
that the Ernst potential given in § 4 actually represents an asymptotically flat vacuum
gravitational field. With the aid of the set of six identities (4.8)-(4.10) and (5.9)}-(5.11),
it was then a straightforward process of substitution to show that Einstein’s and Ernst’s
equations and also Tomimatsu-Sato ‘rule (a)’ were satisfied. Using the same set of
identities, we formulated the F equation in spheroidal coordinates and used the two
cases to show that the metrics were asymptotically flat and well behaved on the
symmetry axis. The series solutions developed (or briefly mentioned if straightforward)
in § 10 for the two transcendental (8 # integer) functions, H, and K, converge rapidly
everywhere outside the singular surface x = 1 except near this surface. In § 11, efficient
algorithms for constructing the rational Tomimatsu-Sato series of solutions (6 =
integer) were outlined.

A larger class of solutions (six non-trivial parameters) has been shown to arise by
introducing a new parameter /4 into the differential equations and by relaxing the
boundary conditions. When 4 # 0, a third differential equation was found necessary to
construct the full metric. These additional solutions are not astrophysically meaningful.

In a future paper (Cosgrove 1977d), I shall show how the present six-parameter
family and another new family of solutions may be derived as a ‘simple’ solution of a
new and rather unusual formulation of the stationary axisymmetric vacuum field
equations. This may be compared with Ernst (1968) showing that the Kerr solution
takes an extremely simple form in his complex potential formalism. However, this
method of derivation is not the method by which these solutions were discovered and is
less powerful and elegant than this latter method. These solutions arose from the
discovery of a new transformation group which constructs new solutions from old whilst
preserving the boundary conditions appropriate to a finite rotating body in empty space.
The transformation, unfortunately, does not give rotation to the static Weyl metrics but
merely permutes these metrics among themselves. The solutions of this paper are the
invariants of the transformation. The derivation of both the group and the invariant
solutions will be given in Cosgrove (1977e). Future research should reveal more
transformation groups (even, perhaps, a systematic theory of them) and therefore more
asymptotically flat solutions which will, without doubt, assume extremely complicated
functional forms. The most attractive feature of this theory, apart from its apparent
power, is that the astrophysical boundary conditions can be incorporated at an early
stage in attempts to construct new solutions. Most of the many and varied mathematical
techniques used in solving Einstein’s equations in recent times, e.g. algebraic speciality,
have very little or no control over the boundary conditions.
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Appendix. Table of T'(n, ¢%) for 6§ =1, 2, 3, 4, 5 and Hi(n), H:2(n), o1(n), 72(n),
A(n), Ki(v, ) and Kx(v, ) for 6=1,2,3

If 5 is an integer, T'(n, g°) = p*°n®°T is a polynomial in 0 of degree 8” and a homogene-
ous polynomial in p” and q* of degree 8. It is very closely related to the metric
coefficient e2” (see (4.5) or (6.10)). For values of § not too large, these polynomials may
be calculated relatively easily by the methods of § 11. The first five are:

§=1: T=p’n—q% (A.1)
o=2: T=p*n*-p’q’(4n’+6n’ +4n)+q"; (A.2)
§=3:

T'=p®n°—p*q*(On®*+36n  +847°+90n° +361")

+p2q*(360° +90n° + 840> +367°+9n)—q%; (A.3)

4:
= ptn'®—p®q(169 "5+ 1200 + 560n 1+ 1420 ' + 19687 ' + 14001 '°+4001°)
+p*q*(400n "% + 24000 + 66087 '°+110409° +128709°
+11040n" +66087° + 24001 ° +4000*)— p2q®(400n” + 14001°
+19687°+ 14207 + 5600 +120m>+169) +q°; (A.4)
=15
T'=p%n> = p8q*(2517* +300n2* + 23000 + 101500 >" + 268800 >° + 434009 "°
+418007'8+220500 "7 +49007 ')+ p°q* (250077 +262509°°
+1337007m° +438900m %+ 105952507 +20074507°
+30237607m % +35532000 4 +3158400n** +20419007
+904200n ' +245000n ' +30625n°%) — p*q°(306257 '°+ 2450000 *°
+9042007 ¢ +2041900n 1> + 31584007 1>+ 35532007 ' + 30237600 '°
+20074507° +10595257° + 4389007 + 1337001° +262507°
+2500m*)+p2q®(4900n° +22050n® + 418007 +434001°
+26880n°+10150n*+2300n°+3000°+257)~q"°. (A.5)

The functions Hy, H», o1 and o, are derived from I by (10.3), (3.3), (3.4) and (3.5),
respectively. H; need not be tabulated since H; =ing10. For 8 =1,

TH,=n, (A.6)
TH,=pq(1+n), (A.7)
Toi=p, (A.8)
To,=q. (A.9)

Foré6=2,
TH,=4n[p’n’-4’], (A.10)
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TH, = 2pq(1+7)[p*(n*+3n")~q’Gn +1)), (A.11)
Toi=2p[p*n’+4°3n+2), (A.12)
To,=2q(p’Cn*+30°)+4’]. (A.13)
For 6§ =3,
THy=97[p*n*~p’q*(167°+ 300"+ 169°)+4"), (A.14)
TH,=3pq(1+n)[p*(n®+8n" +10n%)—pq*(18n°+560°+700* + 567> + 18n%)
+q*(10n*+8n+1)), (A.15)
Toy=3p[p*n®+p’q°(180°+520° +60n* + 2477 )+ q* (100> + 121 + 3)], (A.16)

To,=3q[p*(3n%+ 120" +100°)+p*q*(4n° +60n* +520° + 18n%)+4"]. (A.17)

The function A(n) is a rational function of (1+n)"/? for & an integer. We shall
tabulate the numerator X, and denominator £, for 6 = 1, 2, 3. They obey

A=21/22, F=2122~ ((A.18)

The real zeros (n >—1) of £, and X, represent the infinite red-shift surfaces but only
those represented by the zeros of X; carry the ring singularity on the equatorial plane.

Foré=1,

S,=p(l+q)?+1, (A.19)
S=p(l+n)/*-1. (A.20)
For 6§ =2,
i=p’(m*+2n)-q*+2pn(1+n)"?, (A21)
S,=pi(n’+2n)—q*-2pn(1+n)""% (A.22)
For 6 =3,
Si=p(L+n)"?[p(n*+4nN)=q*(6n* +4n + 1)]+p’(B3n’ +49°)~¢°, (A.23)
=p(1+0) [P’ (n* +4n) =g’ 60 +4n+ 1)]-p’Gn' +4n’)+4°. (A.24)

The functions, K1(», n) and K»(», 1), both take the form (11.2). The coefficients of
the polynomials in » are rational functions of (1 +n)"/* with 3, and 2, respectively, as
common denominator. Ford =1,

Ky =37 (1=v") 721+ ) *(p ~ eiqr)+ (1 + mp?)' ], (A.25)
K, =621 (1)1 + 1) (p —eiqr)— (1 +npD)?). (A.26)

For § =2,
K =37' 0= =1+ 722+ (1 + 1) (p - eigr)* + 2(1 + n)*(1 + ) X(pn —€igv)],
(A.27)

K> =€iZ3 (1= [~1+ 022+ (1 +n)(p —€igv)’
=2(1+n0)2(1+np?)"*(pn ~eig)]. (A.28)
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For 6 =3,
K== )21+ )V —p6n*+4n +1-3n%7
+eiqr[3—(n* +4n° +60°) 1+ (1+1)'(p —eiqr)’}
+(1+ 77 {p’(Bn“ +41°) - q* — 12eipgn (1 +n)'v
+[p*n*—q*(4n + 37, (A.29)
Ky =637 1= v) (1 + )X —p(6n° +4n +1-37*°
+eigr[3—(n*+4n° +6m°) )+ (1 +n)*(p ~ €iqr)’}
~ 1+ p’(3n* +4n°)—q* - 12eipgn (1 + 1)’y
+[p*n’—q’(4n + 3. (A.30)
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